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equations in the half space. We prove the unique existence of weak solution
a
2

u € LR} x (0,T)) wi;;h Vu € L2 (R x (0,T)) for a short time interval when

_2 _1
the initial data h € By ? (R7) and the boundary data g € L2(0,T; B,  (R"™1)) +

1 1
LY(R™~Y; B, *7(0,T)) with normal component g, € L4(0,T; B, * (R*™ 1)), n+2 <
q < oo are given.
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1. Introduction

Let R} = {z € R" |z, > 0}, n > 2 and 0 < T < co. Let us consider the nonstationary Navier-Stokes
equations

up — Au+ Vp = f —div(u ® u), divu =0, inR} x(0,7),

(1.1)
ult=0 = h, Ulz,=0 = g.

There are abundant literatures for the study of the Navier—Stokes equations with homogeneous boundary
data. See [1,6,28,34] and references therein for the half space problem. See also [1,9,14,16,17,21,23,22,24,29,31]
and the references therein for the problems in other domains such as whole space, a bounded domain, or

exterior domain.

* This work was supported by Basic Science Research Program through the National Research Foundation of Korea funded by
the Ministry of Science, ICT and future planning (NRF-2014R1A1A3A04049515).
* Corresponding author.
E-mail addresses: chang7357@yonsei.ac.kr (T. Chang), bumjajin@hanmail.net (B.J. Jin).

http://dx.doi.org/10.1016/j.na.2015.05.032
0362-546X/© 2015 Elsevier Ltd. All rights reserved.


http://dx.doi.org/10.1016/j.na.2015.05.032
http://www.sciencedirect.com
http://www.elsevier.com/locate/na
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2015.05.032&domain=pdf
mailto:chang7357@yonsei.ac.kr
mailto:bumjajin@hanmail.net
http://dx.doi.org/10.1016/j.na.2015.05.032

T. Chang, B.J. Jin / Nonlinear Analysis 125 (2015) 498-517 499

Over the past decade, the Navier—Stokes equations with the nonhomogeneous boundary data have been
studied actively. See [8,3,2,32,41] and references therein for the half space problem. See also [3,2,11,10,12,
13,18-20,29] and the references therein for the problems in other domains such as whole space, a bounded
domain, or exterior domain.

In [18-20,34], the solvabilities of bounded or exterior domain problem have been studied for a boundary
data in anisotropic space B, _17%_2() (092 x (0,7)), o > % (with ¢ > Z—ﬁ), where g € B;(’)g (S x (0,7))
means the zero extension of g to S x (—o0,T) is in B;’%(S’ X (—00,T)). On the other hand, in [8,3,2,11,
10,12,13,32,41] rough boundary data have been considered. H. Amann [3] showed unique maximal solution
w e Ly (0,T* H;(Q)), 3<qg<r<oot4+2 <1 for some maximal time T* in any domain in R?
with nonempty compact smooth boundary When a nonzero initial data in By " ((2) N LZ(£2) and nonzero
boundary data in L] (Ry; W, at 7(002)) are given. J.E. Lewis [32] showed a global in time existence
of solution in LP(Ry;L4(R7)) for small data h € L™ (R?) N L™(R?) and g € LYRy;L"(RY)) with
r1,T2,p,q,r,d <00, 11 <N <Tre, 1 2 —1,and 2 —1—2 = 1. K.A. Voss [41] showed the existence of a global
in time self-similar solution for small data h € By (R?’ )N B;i(Ri) and t3g(t) € L®(Ry; L*(R?)) with

gn = 0. M. Fernandes de Almeida and L.C.F. Ferrelra [8] showed the existence of global in time solution in
the framework of Morrey space for a small data h € M, ,_,(R"}), ti-ge BC(Ry, M, n—p(R"71)) and
t%_;fqgn € BC’(R_s_,M%’n_p(R"’l)), 2<p,g<oo, 1<r<oo.

In particular, R. Farwig, H. Kozono and H. Sohr [12] showed the local in time existence of a very weak
solution u € L*(0,T; L4(§2)) in an exterior domain when nonzero initial in By, f and nonzero boundary data
in L*(0,T; W;%(OQ)) for %—i—% =1,2 < s < 00,3 < q< o0 are given. (Precisely speaking, in [12] a nonzero
divergence is considered.)

In this paper, we show the unique existence of u € LI(R% x (0,T")) with Vu € L%(Ri x (0,T)) for the
Navier—Stokes equatlons (1.1) for a small time 1nterval (0,7T) with the initial h € B,  (R") and the boundary

data g € L9(0,T; By “(R"™1)) + LI(R"~\; B, % (0,T)) with g, € LYR"; B, % (0,7)), ¢ > n+2. Our
result could be compared with the one in [12]. The case ¢ = r = 5 in [12] coincides with the case ¢ = 5 in our
result, except the fact that our result covers larger class for g’ (the tangential component of the boundary
data) since L9(0,T; By *(R"1)) + LI(R""; B, 1 (0,T)) 2 LY(R"Y; B, ™ (0,T)).

The following is the main result of this paper.

1
Theorem 1.1. Let 00 > q > n+ 2. Assume that h € B, (R’}r) with divh = 0, g € LY(0,T; By *(R"™1)) +

LYR" B, % (0,7)) with g, € L0,T;B, (R” Y)). Then there is T*(0 < T* < T) so that the
Navier—Stokes equations (1.1) have a unique weak solution u € LI(R"} x(0,7%)) with Vu € L (R x(0,77)).

loc

The space L7(0,T; B;%(Rnfl)) + LIR"Y Bq_ﬁ(O,T)) coincides with anisotropic Besov space
Bq_%’_ﬁ(R"’1 x R1) (see Section 2). Our result is optimal in the sense that the spaces for the initial
and the boundary data cannot be enlarged for our solution class. Our arguments in this paper are based
on the elementary estimates of the heat operator and the Laplace operator. The solution representation in
Section 5.1 could be useful to study asymptotic behavior of the solution.

Before proving Theorem 1.1, we have studied the initial and boundary value problem of the Stokes
equations in R} x (0,7’ as follows:

—Au+Vp=Ff, divu =0, in R’ x (0,7,

(1.2)
Ulg=o = h, Ulg,—0 = g-
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