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ABSTRACT

We study multi-valued elliptic variational inclusions in a bounded domain £2 C RN of the
form

uekK:0eAu+dlx(u) + F) + Fr(u),

where A is a second order quasilinear elliptic operator of Leray-Lions type, K is a closed
convex subset of some Sobolev space, Ix is the indicator function related to K, and
dlx denoting its subdifferential. The lower order multi-valued operators ¥ and % are
generated by multi-valued, upper semicontinuous functions f : 2 x R — 2F\{J} and
fr 1 T' x R — 2R\{#}, respectively, with ' C 9£2. Our main goals are as follows:
First we provide an existence theory for the above multi-valued variational inequalities.
Second, we establish an enclosure and comparison principle based on appropriately
defined sub-supersolutions, and prove the existence of extremal solutions. Third, by means
of the sub-supersolution method provided here, we are going to show that rather general
classes of variational-hemivariational type inequalities turn out to be only subclasses of
the above general multi-valued elliptic variational inequalities, which in a way fills a gap in
the current literature where these kind of problems are studied independently. Finally, the
existence of extremal solutions will allow us to deal with classes of multi-valued function
f and fr that are neither lower nor upper semicontinuous, which in turn will provide a
tool to obtain existence results for variational-hemivariational type inequalities whose
Clarke’s generalized directional derivative may, in addition, discontinuously depend on the
function we are looking for. This paper, though of surveying nature, provides an analytical
framework that allows to present in a unifying way and to extend a number of recent results
due to the authors.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Let 2 C RN, N > 2, be a bounded domain with Lipschitz boundary 92, and let I" C 3$2 be a relatively open subset, and

denote Iy = 382\ I" such that

32 =T UL
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Let V = W'P(£2),1 < p < 400, denote the usual Sobolev space with its dual space V*, and let V, C V be the subspace of
V defined by

Vo={ueV:zulp, =0},
where T : V — L1(3£2) stands for the trace operator which is known to be linear and compact for 1 < § < p* where
p* is the trace critical Sobolev exponent to p, see [15]. In what follows we are going to use the following notation for the
restrictions of Tu

yu = tu|r, Yol := TU|p,.
Note that V = Vj in case that I" = 9£2, and in case that I" = {) we have I'y = 02 and thus Vj is the subspace of V whose

functions have generalized homogeneous boundary values. Let K C Vj be a closed, convex subset. In this paper we provide
an analytical framework to study existence and enclosure results for the following multi-valued elliptic variational inclusion

uek:0eAu+ dlk(u) + F(u) + Fr(u), (1.1)
where A is a second order quasilinear elliptic differential operator in divergence form
N
a au ou
Au(x) = — —ai(x, Vux)), withvu=—r,...,— ), 1.2
o) ;ax,- (%, Vu() (8x1 aXN) (1.2)

and Iy is the indicator function related to K with dlx denoting its subdifferential. By # and ¥ we denote lower order multi-
valued operators generated by multi-valued functions (x,s) +— f(x,s), (x,s) — fr(x,s) withf : 2 x R — 2F\[@}
and fr : I' x R — 2®\{#}, respectively, which are only supposed to be upper semicontinuous with respect to their
second argument s, and measurable. To make the notion of solution of (1.1) more precise, let us introduce the multi-valued

Nemytskij operators F and F associated with the multi-valued functions f and f, respectively, by
F(u) ={n: £2 — R :nismeasurable in 2 and n € f(-, u)}, (13)
Fr(yu) ={¢: ' — R: ¢ ismeasurableon I"and ¢ € fr (-, yu)} ’

where n(x) € f(x, u(x)) fora.a.x € £2,and ¢ (x) € fr(x, yu(x)) fora.a.x € I'.Let q € [1, p*) and q € [1, p*) with p* and p*
being respectively the critical Sobolev exponent and trace critical Sobolev exponent to p,

Np .
" —— ifN>p
p=3yN-p

+o0 ifN <p,

and

N -1
R Al v
p = N—-p

+00 if N <p.

Under certain assumptions to be specified later, the multi-valued Nemytskij operators F : LI(£2) — 2Lq/(Q )and Fr : L3(I)
— 29 are well defined, where g and g’ denote the Hélder conjugates to q and § respectively, i.e., 1/q + 1/q =
1/G+1/q = 1.For 1 < q < p*, the embedding i : Vo — L9(£2) is compact, and thus its adjoint operator i* : L7 (§2) — V{
is compact as well. Similarly, for ¢ € [1, p*), the trace operator y : Vo — LI(I") as well as its adjoint operator
y* 19y — Vi is compact. Hence, the composed multi-valued operators
F=io0Foi:Vo—2% and Fr=y*oFroy:Vy— 2% (1.4)
are well defined as well, and given by
F ={n*=i"neVj:neF}, with(n* ¢ =/ nedx, Vo €V,
2 (1.5)
Frw={"=y*ceVy: ¢ eFr(yw}, with(;* ¢)= /F Cyedl', Vo eV,

where (-, -) denotes the duality pairing of V' and V,. Now we can precisely state the notion of solution of the multi-valued
variational inequality (1.1) (MVI for short).

Definition 1.1. A function u € K C Vj is a solution of the MVI (1.1), if there exist g € [1, p*),q € [1,p%),n € I (£2), and
IS Lq/(I“) such that

neFw), ¢eFr(yw,
(Au,v—u)—i—/n(v—u)dx+/§(yv—yu)d1"20, Vv eKk.
2 r

Note that n € F(u) means n(x) € f(x, u(x)) fora.a.x € £2,and ¢ € Fr(yu) means ¢ (x) € fr(x, yu(x)) foraa.x e I'.
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