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a b s t r a c t

In this paper, we prove the following result. Let α be any real number between 0 and 2.
Assume that u is a solution of

(−△)α/2u(x) = 0, x ∈ Rn,

lim
|x|→∞

u(x)
| x |

γ
≥ 0,

for some 0 ≤ γ ≤ 1 and γ < α. Then u must be constant throughout Rn.
This is a Liouville Theorem for α-harmonic functions under a much weaker condition.
For this theorem we have two different proofs by using two different methods: One is

a direct approach using potential theory. The other is by Fourier analysis as a corollary of
the fact that the only α-harmonic functions are affine.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The well-known classical Liouville’s Theorem states that
Any harmonic function bounded below in all of Rn is constant.
One of its important applications is the proof of the Fundamental Theoremof Algebra. It is also a key ingredient in deriving

a priori estimates for solutions in PDE analysis.
This Liouville Theorem has been generalized to the fractional Laplacian by Bogdan, Kulczycki, and Nowak [2]:

Proposition 1.1. Let 0 < α < 2 and n ≥ 2. Assume that u is a solution of
(−△)α/2u(x) = 0, x ∈ Rn,
u(x) ≥ 0, x ∈ Rn.

Then u must be constant.

The same result has been proved by Zhuo, Chen, Cui, and Yuan [25] using a completely different method; and then
interesting applications of this Liouville theorem to integral representations of solutions for nonlinear equations and systems
involving the fractional Laplacian were investigated in the same article.
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The above proposition has also been proved but not explicitly stated in [14] for α-harmonic functions in the average
sense (see also Section 4 for the definition). Indeed it can be deduced from [14, Theorem 1.30].

In [1], Axler, Bourdon, and Ramey replaced the condition ‘‘bounded below’’ in the classical Liouville Theorem by a much
weaker one:

lim
|x|→∞

u(x)
|x|

≥ 0.

Then Enzo Mitidieri [18] conjectured that a similar result should hold for the fractional Laplacian. The main purpose of
this paper is to prove this conjecture.

The fractional Laplacian in Rn is a nonlocal pseudo-differential operator, taking the form

(−∆)α/2u(x) = Cn,α lim
ϵ→0


Rn\Bϵ (x)

u(x)− u(z)
|x − z|n+α

dz, (1)

where α is any real number between 0 and 2. This operator is well defined in S, the Schwartz space of rapidly decreasing
C∞ functions in Rn. In this space, it can also be equivalently defined in terms of the Fourier transform

F ((−∆)α/2u)(ξ) = |ξ |αF (u)(ξ),

where F (u) is the Fourier transform of u. One can extend this operator to a wider space of distributions.
Let

Lα =


u : Rn

→ R |


Rn

|u(x)|
1 + |x|n+α

dx < ∞


.

Then in this space, one can defined (−∆)α/2u as a distribution by

⟨(−∆)α/2u(x), φ⟩ =


Rn

u(x)(−∆)α/2φ(x)dx, ∀φ ∈ C∞

0 (R
n).

The operator can be also defined by considering the following problem in Rn
× [0,+∞):

f (x, 0) = u(x) on Rn, △x f +
1 − α

y
fy + fyy = 0

and defining

C(−∆)α/2u(x) := − lim
y→0

y1−α fy(x, y),

where C = C(n, α) is a suitable positive constant. See [5] for more details.
Throughout this paper, we will consider the fractional Laplacian defined in (1). We say that u is α-harmonic if u ∈ Lα and

satisfies

(−∆)α/2u = 0

in the sense of distributions:
Rn

u(x)(−∆)α/2φ(x)dx = 0 ∀φ ∈ C∞

0 (R
n).

Our main objective is to prove the following result.

Theorem 1.2. Let 0 < α < 2. Assume that u ∈ Lα is α-harmonic and

lim
|x|→∞

u(x)
| x |

γ
≥ 0, (2)

for some 0 ≤ γ ≤ 1 and γ < α.
Then

u(x) ≡ C, x ∈ Rn.

We prove the above result by two different methods. The first one is given in Section 2 and it is a direct proof based on
classical potential theory.

The second proof is a direct consequence of the following

Theorem 1.3. Let 0 < α < 2, and u ∈ Lα be α-harmonic. Then u is affine. In particular, if α ≤ 1, then u is constant.
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