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a b s t r a c t

We study the following boundary value problem
∆u + λa(x)up−1eu

p
= 0, u > 0 inΩ;

u = 0 on ∂Ω,
(0.1)

where Ω is a bounded domain in R2 with smooth boundary, λ > 0 is a small parameter,
the function a(x) ≥ 0 is a smooth potential, and the exponent p satisfies 0 < p < 2. We
construct a family of solutions to problem (0.1) which blows up, as λ → 0, at some points
of Ω which stay outside the zero set of a(x). We relate the number of possible blow-up
points with the zero set of a(x).

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

We consider the following boundary value problem
1u + λa(x)up−1eu

p
= 0, u > 0 inΩ;

u = 0 on ∂Ω,
(1.1)

where Ω is a bounded domain in R2 with smooth boundary, λ > 0 is a small parameter and 0 < p < 2. The function
a(x) ≥ 0 is smooth inΩ . This problem is the Euler–Lagrange equation for the functional

Jpa,λ(u) =
1
2


Ω

|∇u(x)|2dx −
λ

p


Ω

a(x)eu
p
dx, u ∈ H1

0 (Ω). (1.2)

If a(x) ≡ 1, problem (1.1) becomes
1u + λup−1eu

p
= 0, u > 0 inΩ;

u = 0 on ∂Ω.
(1.3)

This problem has been studied widely in the literature when p = 1. The asymptotic behavior of blowing up families of
solutions can be referred to [1,4,13–16]: in these works it has been established that if uλ is an unbounded family of solutions
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to (1.3) for which λ

Ω
euλ remains uniformly bounded as λ → 0, then there exists an integer K such that

λ


Ω

euλ dx → 8πK , as λ → 0.

Moreover there are K points ξ1, . . . , ξK inΩ , which are far away from the boundary ofΩ and far away from each other, so
that

λeuλ →

K
j=1

δξj

in the sense of measure. Furthermore, the location of the point ξ = (ξ1, . . . , ξK ) is known to be related to the critical points
of the function

ΦK (ξ) =

K
j=1

H(ξj, ξj)+

K
i≠j

G(ξi, ξj).

Here G(x, y) denotes Green’s function for the negative Laplacian with Dirichlet boundary condition inΩ , namely
−∆xG(x, y) = δy(x) x ∈ Ω;

G(x, y) = 0 x ∈ ∂Ω,
(1.4)

and H(x, y) its regular part, given by

H(x, y) = G(x, y)−
1
2π

log
1

|x − y|
. (1.5)

Concerning the reciprocal issue, several results are already known in the literature, we refer to [1,10,7]. In particular, in [7]
del Pino–Kowalczyk–Musso constructed bubbling solutions to problem (1.3) when p = 1. They showed that: If the domain
Ω is not simply connected, and given any integer K ≥ 1, there exist K points ξ1, . . . , ξK inΩ and a family of solutions uλ, for
any λ sufficiently small, which blows up at these K points in the sense that, as λ → 0

sup
x∈Ω\∪

K
j=1 B(ξj,δ)

uλ(x) → 0, and for any j = 1, . . . , K , sup
x∈B(ξj,δ)

uλ(x) → ∞

for any positive fixed number δ. Furthermore,
Ω

λeuλdx → 8Kπ as λ → 0.

The location of these blow-up points ξ1, . . . , ξK is not arbitrary: indeed they correspond to critical points of the functionΦK
defined above.

The results have been extended in [9] for the whole range of values of exponents p with 0 < p < 2. This result was
surprising, since the scenario changes completely when p = 2: this situation was previously treated in [8].

In this paper, we construct bubbling solutions to Problem (1.1), with a non negative nontrivial potential. When p = 1,
this situation was already treated in [7], under the condition that the concentration points (ξ1, . . . , ξK ) belong to a region
where the potential a is strictly positive. Our first result shows that this construction can be done for the whole range of
exponents 0 < p < 2.

Before stating our result, it is useful to introduce some notations. For an integer K ≥ 1 and K distinct points ξj, j =

1, . . . , K , in Ω , separated uniformly from each other and from the boundary ∂Ω , write ξ = (ξ1, . . . , ξK ), let us define the
following functional

Φ
p
a,K (ξ) =

K
j=1

H(ξj, ξj)+

K
i≠j

G(ξi, ξj)+
2 − p
4pπ

K
j=1

log a(ξj). (1.6)

Definition 1.1. We say that ξ is a C0-stable critical point of ϕ : M → R if for any sequence of functions ϕn : M → R such
that ϕn → ϕ uniformly on compact sets of M, ϕn has a critical point ξ n such that ϕn(ξ

n) → ϕ(ξ).
In particular, if ξ is a strict local minimum or maximum point of ϕ, then ξ is C0-stable critical point.

Let ε be a parameter, which depends on λ, defined as

pλ


−
4
p
log ε

 2(p−1)
p

ε
2(p−2)

p = 1. (1.7)

Observe that, as λ → 0, then ε → 0, and λ = ε2 if p = 1.
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