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Article history: Non-uniform elliptic equations in convex Lipschitz domains are concerned. The non-
Received 22 November 2014 smooth domains consist of a periodic connected high permeability sub-region and a
Accepted 25 January 2015 periodic disconnected matrix block subset with low permeability. Let € € (0, 1] denote

Communicated by S. Carl the size ratio of the matrix blocks to the whole domain and let w? € (0, 1] denote the

permeability ratio of the disconnected matrix block subset to the connected sub-region.

g/gsjgs The WP norm forp € (1, go) of the elliptic solutions in the]e high permeability gub—rggion
35)15 is shown to bg pounded uniformly in w, €. Howevgr, the W *P norm of the solutlgns in the
3525 low permeability subset may not be bounded uniformly in w, €. Roughly speaking, if the

sources in the low permeability subset are small enough, the solutions in that subset are
Keywords: bounded uniformly in w, €. Otherwise the solutions cannot be bounded uniformly in w, €.
I;::;‘égli)fi‘firtr;‘ elliptic equations Relations between the sources and the variation of the solutions in the low permeability

Convex Lipschitz domains subset are also presented in this work.
P © 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Uniform LP gradient estimate for the solutions of non-uniform elliptic equations in bounded convex Lipschitz domains
is presented. Let £2 be a bounded domain in R" for n > 2, 952 denote the boundary of 2, ¢ € (0, 1], 2(2¢) = {x € 2 :
dist(x, 92) > 2¢}, Y = (0, 1)" consist of a smooth sub-domain Y;, completely surrounded by another connected sub-
domainY; (=Y \ Yn), 25, = {x : x € €(Ym +J) C $2(2¢) for some j € Z"} be a disconnected subset of £2, Qf (=2\25)
1 ifxe Q;
v ifxe 2y

represent a connected sub-region of £2, and K, ( (x) = { for any v > 0. The problem that we consider is

-V (K, VU+G) =F ing,
K,2 VU+G) -n=0 on 9L,

/ H5U|QEdX =0,
0 f

where w, € € (0, 1], n is a unit normal vector on 952, and G, F are given functions. [T, in (1.1) is an extension operator
(see [1] or Lemma 2.1) and H€U|9fe is the extension function of U|9fe in £2. The problem has applications in heat transfer
in two-phase media, flows in highly heterogeneous media, the stress in composite materials, and so on (see [3,11,14] and
references therein). If G, F are bounded in £2 and f_Q Fdx = 0, a solution of (1.1) in Hilbert space H'!(£2) exists uniquely for
each w, € by Lax-Milgram Theorem [10]. The L? norm of the gradient of the solution of (1.1) in the connected sub-region
Qf is bounded uniformly in w, € € (0, 1] if the sources G, F are small in £2¢. However, the [ norm of the gradient of the

(1.1)
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solution of (1.1) in matrix blocks £25, can be very large when w closes to 0. It is interested to ask whether the uniform bound
in w, € for the gradient of the solution of (1.1) can be extended to [P space for any p € (1, co) or not.

WP estimate and Lipschitz estimate uniform in e for the Laplace equation in periodic perforated domains were de-
rived in [15,18]. For uniform elliptic equations with Dirichlet boundary condition and with discontinuous or periodic os-
cillatory coefficients, the uniform bound in € for W*? norm or for Lipschitz norm in the whole domain could be found in
[4,5,7,14,16,20]. For example, Lipschitz estimate and W?? estimate for uniform elliptic equations with discontinuous coef-
ficients had been proved in [14,16]. Uniform Hélder, WP, and Lipschitz estimates in € for uniform elliptic equations with
Hélder periodic coefficients were shown in [4,5]. Uniform WP estimate in ¢ for uniform elliptic equations with continuous
or with VMO periodic coefficients were considered in [7,20].

For non-uniform elliptic equations with smooth periodic coefficients, existence of C2“ solution could be found in [12].
Uniform Holder and Lipschitz estimates in w, € for (1.1) ; with Dirichlet boundary condition were shown in [22]. Here we
consider the non-uniform elliptic equations in Lipschitz domains. It is proved that W'-? norm for the solution of (1.1) in the
connected sub-region 52; is bounded uniformly in w, € under some proper assumptions. But, the W '-» norm for the solution
of (1.1) in the disconnected subset £2;;, may not be bounded uniformly in w, €. If the sources G, F in the low permeability
subset §27, are very small, the solutions in §2;, are still bounded uniformly in w, € like the solutions of uniform elliptic
equations. If the sources are not small enough, the solutions in £25, cannot be bounded uniformly in w, € again.

The rest of this work is organized as follows: Notation and main result are stated in Section 2. In Section 3, we present a
priori estimates for interface problems and present uniform Hélder, uniform Lipschitz, and uniform W - local estimates in
w, € for the solutions of non-uniform elliptic equations in periodic domains. The proof of the main result is given in Section 4.
In Section 5, we show the uniform Hélder and the uniform Lipschitz estimates in w, € for non-uniform elliptic equations,
claimed in Section 3. In Appendix, we give a proof of Theorem 4.1, which is a modification of Theorem 3.3 in [19].

2. Notation and main result

Let Ck* denote the Holder space with norm || - ||cke, W*P denote the Sobolev space with norm || - ||wsr, and [¢]co.
be the Hélder semi-norm of ¢ for k > 0,a € [0,1],s > —1,p € [1,00] (see [2,10]). [P = WOP and H' = W'2,
C>°(R") is the space of infinitely differentiable functions in R", C5°(D) is a subset of C*°(R") with support in D, and C37. (R")
is the space of infinitely differentiable Y-periodic functions in R". wg"’ (D) is the closure of C°(D) under the W*? norm
and Wp; (R") is the closure of s (R") under the W*P norm and lelwsz@n = l@llwsrw) fors = 1,p € [1,00]. Ay =

{x e R" : x € Yy +jforsomej € Z"} and A; = R" \ Any. Hy,, (R") = {p € W2 (R") : fyf ¢(y)dy = 0} and ¥, (Af) =

per
{@lay : 0 € Hpo, RN} Let @1, ..., @ulls, = ll@ills, + - + llgmlls,. @lls,08, = l@lls, + @lls,, B-(x) denote a ball

centered at x with radius r, D be the closure of D, 9D be the boundary of D, |D| be the volume of D, Xp be the characteristic
function on D, and D/r = {x : rx € D}. Forany ¢ € L'(D),

1
(©)p E][fﬂ(y)d =— [ p)dy.
D DI Jp

Kop.1/r = {30 :2 i{n//rr andK,,,, = {; o g{‘n//rr for w € [0, 1], v, r € (0, 00). If iy is an outward normal vector on 3 Yy, we

define, for any function ¢ in Y and x € 9Yy,,
90 = lim p(x+ thy), o] =e 0 - _X). (2.1)
Our main results are:

Theorem 2.1. Suppose

A1. £2 is a bounded convex Lipschitz domain in R" for n > 2,
A2. Yy, is a smooth simply-connected sub-domain of Y,
A3. w,e € (0,1],6 €[0,2], pe (1,00),G e [P(R2),F e W P(R2), (F, 1) =0,
then a WP (£2) solution of (1.1) exists uniquely and satisfies
_ L’
1Ko /e.eU. Koo« VUllp2) < (K o2, Gllre) + IFllw-100) + @ I lw-100g)) i = = 1,
> (2.2)
_ LW
IU. Koo e VUlp2) < (K o2, Gllp@) + IFllw-100) + @ lIF lw-10(0g)) if . 1,

where c is a constant independent of w, €, o. Here (F, 1) = 0 means fg Fdx = 0 in distribution sense.

By energy method and Poincaré inequality [10], we easily get (2.2) for o0 = 1, p = 2 case. But it is not clear whether VU
is bounded uniformly in L2(£2¢)). From Theorem 2.1, we know that if the right hand side of (2.2) is bounded independent of
w, €, o, then the WP norm of the solution U in .Qf is bounded uniformly in w, €, o forany p € (1, oo). However, the W1?
norm of the solution U in £2;, may not be bounded uniformly in w, €, . From the proof of Theorem 2.1, we see that if the
right hand side of (2.2) is uniformly bounded in w, €, o, then
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