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a b s t r a c t

Non-uniform elliptic equations in convex Lipschitz domains are concerned. The non-
smooth domains consist of a periodic connected high permeability sub-region and a
periodic disconnected matrix block subset with low permeability. Let ϵ ∈ (0, 1] denote
the size ratio of the matrix blocks to the whole domain and let ω2

∈ (0, 1] denote the
permeability ratio of the disconnected matrix block subset to the connected sub-region.
TheW 1,p norm for p ∈ (1,∞) of the elliptic solutions in the high permeability sub-region
is shown to be bounded uniformly in ω, ϵ. However, theW 1,p norm of the solutions in the
low permeability subset may not be bounded uniformly in ω, ϵ. Roughly speaking, if the
sources in the low permeability subset are small enough, the solutions in that subset are
bounded uniformly in ω, ϵ. Otherwise the solutions cannot be bounded uniformly in ω, ϵ.
Relations between the sources and the variation of the solutions in the low permeability
subset are also presented in this work.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Uniform Lp gradient estimate for the solutions of non-uniform elliptic equations in bounded convex Lipschitz domains
is presented. Let Ω be a bounded domain in Rn for n ≥ 2, ∂Ω denote the boundary of Ω, ϵ ∈ (0, 1], Ω(2ϵ) ≡ {x ∈ Ω :

dist(x, ∂Ω) > 2ϵ}, Y ≡ (0, 1)n consist of a smooth sub-domain Ym completely surrounded by another connected sub-
domain Yf (≡ Y \ Ym),Ω

ϵ
m ≡ {x : x ∈ ϵ(Ym + j) ⊂ Ω(2ϵ) for some j ∈ Zn

} be a disconnected subset ofΩ,Ωϵ
f (≡ Ω \Ωϵ

m)

represent a connected sub-region ofΩ , and Kν,ϵ(x) ≡


1 if x ∈ Ωϵf
ν if x ∈ Ωϵm

for any ν > 0. The problem that we consider is
−∇ · (Kω2,ϵ∇U + G) = F inΩ ,
(Kω2,ϵ∇U + G) · n⃗ = 0 on ∂Ω,
Ω

ΠϵU|Ωϵf
dx = 0,

(1.1)

where ω, ϵ ∈ (0, 1], n⃗ is a unit normal vector on ∂Ω , and G, F are given functions. Πϵ in (1.1) is an extension operator
(see [1] or Lemma 2.1) and ΠϵU|Ωϵf

is the extension function of U|Ωϵf
in Ω . The problem has applications in heat transfer

in two-phase media, flows in highly heterogeneous media, the stress in composite materials, and so on (see [3,11,14] and
references therein). If G, F are bounded inΩ and


Ω
Fdx = 0, a solution of (1.1) in Hilbert space H1(Ω) exists uniquely for

each ω, ϵ by Lax–Milgram Theorem [10]. The L2 norm of the gradient of the solution of (1.1) in the connected sub-region
Ωϵ

f is bounded uniformly in ω, ϵ ∈ (0, 1] if the sources G, F are small in Ωϵ
m. However, the L2 norm of the gradient of the
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solution of (1.1) in matrix blocksΩϵ
m can be very large whenω closes to 0. It is interested to ask whether the uniform bound

in ω, ϵ for the gradient of the solution of (1.1) can be extended to Lp space for any p ∈ (1,∞) or not.
W 1,p estimate and Lipschitz estimate uniform in ϵ for the Laplace equation in periodic perforated domains were de-

rived in [15,18]. For uniform elliptic equations with Dirichlet boundary condition and with discontinuous or periodic os-
cillatory coefficients, the uniform bound in ϵ for W k,p norm or for Lipschitz norm in the whole domain could be found in
[4,5,7,14,16,20]. For example, Lipschitz estimate and W 2,p estimate for uniform elliptic equations with discontinuous coef-
ficients had been proved in [14,16]. Uniform Hölder, W 1,p, and Lipschitz estimates in ϵ for uniform elliptic equations with
Hölder periodic coefficients were shown in [4,5]. UniformW 1,p estimate in ϵ for uniform elliptic equations with continuous
or with VMO periodic coefficients were considered in [7,20].

For non-uniform elliptic equations with smooth periodic coefficients, existence of C2,α solution could be found in [12].
Uniform Hölder and Lipschitz estimates in ω, ϵ for (1.1) 1 with Dirichlet boundary condition were shown in [22]. Here we
consider the non-uniform elliptic equations in Lipschitz domains. It is proved thatW 1,p norm for the solution of (1.1) in the
connected sub-regionΩϵ

f is bounded uniformly inω, ϵ under some proper assumptions. But, theW 1,p norm for the solution
of (1.1) in the disconnected subset Ωϵ

m may not be bounded uniformly in ω, ϵ. If the sources G, F in the low permeability
subset Ωϵ

m are very small, the solutions in Ωϵ
m are still bounded uniformly in ω, ϵ like the solutions of uniform elliptic

equations. If the sources are not small enough, the solutions inΩϵ
m cannot be bounded uniformly in ω, ϵ again.

The rest of this work is organized as follows: Notation and main result are stated in Section 2. In Section 3, we present a
priori estimates for interface problems and present uniform Hölder, uniform Lipschitz, and uniformW 1,p local estimates in
ω, ϵ for the solutions of non-uniform elliptic equations in periodic domains. The proof of themain result is given in Section 4.
In Section 5, we show the uniform Hölder and the uniform Lipschitz estimates in ω, ϵ for non-uniform elliptic equations,
claimed in Section 3. In Appendix, we give a proof of Theorem 4.1, which is a modification of Theorem 3.3 in [19].

2. Notation and main result

Let Ck,α denote the Hölder space with norm ∥ · ∥Ck,α , W s,p denote the Sobolev space with norm ∥ · ∥W s,p , and [ϕ]C0,α

be the Hölder semi-norm of ϕ for k ≥ 0, α ∈ [0, 1], s ≥ −1, p ∈ [1,∞] (see [2,10]). Lp = W 0,p and H1
= W 1,2.

C∞(Rn) is the space of infinitely differentiable functions in Rn, C∞

0 (D) is a subset of C
∞(Rn)with support in D, and C∞

per(R
n)

is the space of infinitely differentiable Y -periodic functions in Rn. W s,p
0 (D) is the closure of C∞

0 (D) under the W s,p norm
and W s,p

per (Rn) is the closure of C∞
per(R

n) under the W s,p norm and ∥ϕ∥W s,p
per (Rn) ≡ ∥ϕ∥W s,p(Y ) for s ≥ 1, p ∈ [1,∞]. Am ≡

{x ∈ Rn
: x ∈ Ym + j for some j ∈ Zn

} and Af ≡ Rn
\ Am. H1

per(R
n) ≡ {ϕ ∈ W 1,2

per (R
n) :


Yf
ϕ(y)dy = 0} and H1

per(Af ) ≡

{ϕ|Af : ϕ ∈ H1
per(R

n)}. Let ∥ϕ1, . . . , ϕm∥B1 ≡ ∥ϕ1∥B1 + · · · + ∥ϕm∥B1 , ∥ϕ∥B1∩B2 ≡ ∥ϕ∥B1 + ∥ϕ∥B2 , Br(x) denote a ball
centered at xwith radius r,D be the closure of D, ∂D be the boundary of D, |D| be the volume of D,XD be the characteristic
function on D, and D/r ≡ {x : rx ∈ D}. For any ϕ ∈ L1(D),

(ϕ)D ≡ −


D
ϕ(y)dy ≡

1
|D|


D
ϕ(y)dy.

Kω,1/r ≡


1 in Af /r
ω in Am/r

and K̆ω,ν,r ≡


1 inΩνf /r
ω inΩνm/r

for ω ∈ [0, 1], ν, r ∈ (0,∞). If n⃗y is an outward normal vector on ∂Ym, we
define, for any function ϕ in Y and x ∈ ∂Ym,

ϕ,±(x) ≡ lim
t→0+

ϕ(x ± tn⃗y), ⌊ϕ⌋(x) = ϕ,+(x)− ϕ,−(x). (2.1)

Our main results are:

Theorem 2.1. Suppose
A1. Ω is a bounded convex Lipschitz domain in Rn for n ≥ 2,
A2. Ym is a smooth simply-connected sub-domain of Y ,
A3. ω, ϵ ∈ (0, 1], σ ∈ [0, 2], p ∈ (1,∞),G ∈ Lp(Ω), F ∈ W−1,p(Ω), ⟨F , 1⟩Ω = 0,
then a W 1,p(Ω) solution of (1.1) exists uniquely and satisfies

∥Kωσ /ϵ,ϵU,Kωσ ,ϵ∇U∥Lp(Ω) ≤ c(∥Kωσ−2,ϵG∥Lp(Ω) + ∥F∥W−1,p(Ω) + ωσ−2
∥F∥W−1,p(Ωϵm)

) if
ωσ

ϵ
≤ 1,

∥U,Kωσ ,ϵ∇U∥Lp(Ω) ≤ c(∥Kωσ−2,ϵG∥Lp(Ω) + ∥F∥W−1,p(Ω) + ωσ−2
∥F∥W−1,p(Ωϵm)

) if
ωσ

ϵ
≥ 1,

(2.2)

where c is a constant independent of ω, ϵ, σ . Here ⟨F , 1⟩Ω = 0 means

Ω
Fdx = 0 in distribution sense.

By energy method and Poincaré inequality [10], we easily get (2.2) for σ = 1, p = 2 case. But it is not clear whether ∇U
is bounded uniformly in L2(Ωϵ

m). From Theorem 2.1, we know that if the right hand side of (2.2) is bounded independent of
ω, ϵ, σ , then theW 1,p norm of the solution U inΩϵ

f is bounded uniformly in ω, ϵ, σ for any p ∈ (1,∞). However, theW 1,p

norm of the solution U in Ωϵ
m may not be bounded uniformly in ω, ϵ, σ . From the proof of Theorem 2.1, we see that if the

right hand side of (2.2) is uniformly bounded in ω, ϵ, σ , then
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