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a b s t r a c t

Let D ⊂ Rd be an open bounded domain in the d-dimensional Euclidian space Rd with
smooth boundary ∂D. In this paper we investigate the local existence, global existence and
explosion of solutions to the following stochastic wave equation:

dX(t) = Y (t)dt,
dY (t) = (∆X(t) − |Y (t)|p Y (t) + |X(t)|q X(t))dt
+ B(t, X(t), Y (t))dW (t), p, q > 0,
X(0) = X0, Y (0) = Y0, X(t) | ∂D = 0,

(0.1)

where∆ =


∂2/∂x2i is a Laplace operator. The processW (t) denotes a cylindrical Brown-
ian process on a complete probability space (Ω, F , P)with filtration of the usual condition.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The stochastic partial differential equations have been well investigated as the important models for investigating much
phenomenon in real world, for example, like physical mechanics, economical science and biology and so on [1,6,10,16].

In this paper we investigate local and global existence, and explosion of solutions to the following stochastic wave
equation:dX(t) = Y (t)dt,

dY (t) − 1X(t)dt + |Y (t)|p Y (t)dt = |X(t)|q X(t)dt + B(t, X(t), Y (t))dW (t),
X(0) = X0, Y (0) = Y0, X(t) |∂D = 0, p, q > 0,

(1.1)

where we assume that D ⊂ Rd is an open bounded domain in Rd with smooth boundary ∂D. Let (Ω, P, (Ft)t∈[0,∞)) be a
complete probability space with usual conditions. Let X0 and Y0 be F0-measurable.

As well known the deterministic wave equations have been extensively considered by many authors over the past three
decades ([17,12] and references therein). One can find many references on the local and global existence, the asymptotic

✩ This research is partially supported by the Grant-in-Aid for Scientific Research (No. 24540198) from Japan Society for the Promotion of Science (JSPS),
Japan.
✩✩ This paper is in final form and no version of it will be submitted for publication elsewhere.

E-mail address: takeshi_taniguchi@kurume-u.ac.jp.

http://dx.doi.org/10.1016/j.na.2015.01.004
0362-546X/© 2015 Elsevier Ltd. All rights reserved.

http://dx.doi.org/10.1016/j.na.2015.01.004
http://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2015.01.004&domain=pdf
mailto:takeshi_taniguchi@kurume-u.ac.jp
http://dx.doi.org/10.1016/j.na.2015.01.004


48 T. Taniguchi / Nonlinear Analysis 117 (2015) 47–64

behavior and explosion of solutions to the various type of deterministic nonlinear wave equations [11]. Among them
Georgiev and Todorova [8] proved by the fixed point theorem the existence of local solutions to the followingwave equation
with the nonlinear damping term and source term:

utt(t) − 1u(t) + |ut(t)|p ut(t) = |u(t)|q u(t), p, q > 0. (1.2)

They proved that if the relation p ≥ q holds, then the solution exists globally for any initial value. They also considered a
sufficient condition for a solution to blow up when p < q holds. And then the sufficient conditions for the solution to blow
up were discussed by many authors (e.g. Massaoudi [13], Vitillaro [18], Massaoudi and Said-Houari [14], Hu and Zhang [9]).

In this paper wewill prove in Theorem 4 that a solution to (1.1) exists globally provided that p ≥ q and for any z ∈ H1
0 (D)

and w ∈ Lp+2(D) there exist positive constants ε̂ and cβ , cγ such that

|B(t, z, w)|2
L02

≤ |σ(t)|2
L02

+ ε̂ |w|
p+2
p+2 + +cβE |z|q+2

q+2 + cγ ∥z∥2 , t ≥ 0,

where the function B(t, z, w) satisfies the local Lipschitz condition in variables z and w, and σ(t) is a locally integrable
function and ε̂ > 0 is small enough, and we also will prove that in Theorem 5 a solution to (1.1) blows up provided that
p < q and the initial value (X0, Y0) satisfies the following inequality:

H(0) :=
2

q + 2
E |X0|

q+2
q+2 − E |Y0|

2
2 − E ∥X0∥

2 > 0, (1.3)

the function B(t, z, w) satisfies the local Lipschitz condition in variables z and w, and satisfies the following inequality: for
z ∈ H1

0 (D), w ∈ Lp+2(D),

|B(t, z, w)|2
L02

≤ |w|
p+2
p+2 + |b(t, z)|2

L02
+ |σ(t)|2

L02
, t ≥ 0, (1.4)

where the function b(·, ·) satisfies that

2


∞

0
E

|b(s, z)|2

L02
+ |σ(s)|2

L02


ds < H(0). (1.5)

Furthermore, let

2
q + 2

E |X0|
q+2
q+2 − E |Y0|

2
2 − E ∥X0∥

2
= 0.

If it holds that

|B(t, z, w)|2
L02

≤ |w|
p+2
p+2 , w ∈ Lp+2(D), t ≥ 0, (1.6)

then the same conclusion holds.
Herewenote that stochastic nonlinearwave equations have been consideredbymany authors. Among them, Bo, Tang and

Wang [2] investigated explosion of solutions to the following stochastic nonlinear wave equation with the linear damping
term and the nonlinear source term:

utt(t) − 1u(t) + γ ut(t) = |u(t)|q u(t) + δg(t, x)dW (t), γ , q > 0. (1.7)

Recently H. Gao, F. Liang and B. Guo [7] considered the local existence, global existence and explosion of solutions to a
stochastic nonlinear wave equation (1.1) perturbed by an additive noise B(t, X(t), Y (t))dW (t) = σ(t, x)dW (t) (see Theo-
rem4.3, [7]). It isworthy saying in [5,3] Chowconsidered the explosion theoremof the solutions to stochastic nonlinearwave
equation with multiplicative noise without a nonlinear damping term and Ondrejat [15] considered global mild solutions
to stochastic wave equations.

But we note that unfortunately in their papers Bo, Tang and Wang [2], and H. Gao, F. Liang and B. Guo did not discuss
the global existence and explosion of a solution to the stochastic wave equation with multiplicative noise which is more
important and interesting, because of technical difficulty, that is a major hurdle (see 1350013-3, [7]).

The contents of this paper are as follows. In Section 2we give preliminaries. In Section 3 the stochasticwave equation (3.1)
with an additive noise is discussed. In Section 4 we prove the existence of a unique solution to (4.1) with a multiplicative
noise under Conditions 1 and 2 by the Picard successive approximation. In Section 5 we discuss the existence of a local
solution to (4.1) under Conditions 1 and 3. In Section 6 we consider the existence of a global solution to (1.1) under (5.1)
and Conditions 1 and 4. In Section 7 we prove the main theorem, Theorem 5. In other words, a sufficient condition for the
explosion of solutions to (1.1) is considered. In Section 8 an example which illustrates Theorem 5 is presented.

In this paper c, c∗ > 0 and C, C∗ > 0 denote constants which change from line to line. We often omit ω ∈ Ω if no
confusion arises. The paring ⟨u, u∗⟩V ,V∗ is also denoted by (u, u∗) by the same notation as the inner product of H .
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