
Nonlinear Analysis 113 (2015) 87–93

Contents lists available at ScienceDirect

Nonlinear Analysis

journal homepage: www.elsevier.com/locate/na

Applications of Morse theory to some nonlinear elliptic
equations with resonance at zero
Rushun Tian a, Mingzheng Sun b,∗, Leiga Zhao c

a Institute of Mathematics, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190, PR China
b College of Sciences, North China University of Technology, Beijing 100144, PR China
c Department of Mathematics, Beijing University of Chemical Technology, Beijing 100029, PR China

a r t i c l e i n f o

Article history:
Received 28 April 2014
Accepted 6 October 2014
Communicated by S. Carl

MSC:
58E05
35J92
35B34

Keywords:
Nonlinear elliptic equations
Morse theory
Resonance

a b s t r a c t

In this paperwe study the existence andmultiplicity of solutions for somenonlinear elliptic
boundary value problems with resonance at zero by applying Morse theory. We do not
impose additional global condition on the nonlinearities, except for a subcritical growth
condition.
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1. Introduction

In this paper we first consider the following quasilinear elliptic equation
−∆pu = λ|u|p−2u + f (x, u) in Ω,
u = 0 on ∂Ω,

(P1)

where Ω is a bounded domain in RN with smooth boundary ∂Ω , ∆pu = div(|∇u|p−2
∇u) with 1 < p < +∞, and λ ∈ R is

a parameter. Assume

(f0) f (x, 0) = 0, and f (x, u) ∈ C(Ω × R, R) satisfying the growth condition:

|f (x, u)| ≤ c(1 + |u|q−1), ∀ x ∈ Ω, u ∈ R,

for some c > 0 and q ∈ [1, p∗), where p∗
= Np/(N − p) if p < N and p∗

= +∞ if N ≤ p. It is well known that weak
solutions of Eq. (P1) correspond to critical points of the C1 functional Iλ : W 1,p

0 (Ω) → R,

Iλ(u) =
1
p


Ω

|∇u|pdx −
λ

p


Ω

|u|pdx −


Ω

F(x, u)dx,
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where F(x, u) =
 u
0 f (x, t)dt , and W 1,p

0 (Ω) is the Sobolev space endowed with the norm

∥u∥ =


Ω

|∇u|pdx
1/p

.

Let λ1 be the first eigenvalue of −∆p in W 1,p
0 (Ω), then we know that λ1 is simple and has an associated eigenfunction

ϕ1(x) > 0 for x ∈ Ω (see [16]). Let V = span{ϕ1}, and we denote by

V⊥
=


u ∈ W 1,p

0 (Ω) :


Ω

(ϕ1(x))p−1udx = 0


,

then we have

W 1,p
0 (Ω) = V ⊕ V⊥. (1.1)

Moreover, according to [9], we know that there exists λ > λ1 such that
Ω

|∇u|pdx ≥ λ


Ω

|u|pdx, for any u ∈ V⊥.

In recent years, extensive research on Eq. (P1) has been donewith the non-resonant or resonant conditions. For example,
for λ < λ1, using (f0) the author in [12] has proved that the superlinear elliptic equation (P1) has at least three nontrivial
solutions, and the authors in [14] have proved that the same problem has at least one nontrivial solution for λ1 < λ < λ.
In [19], with the following condition
(f1) there exists α1 > 0 such that

0 ≤ pF(x, u) < (λ − λ1)|u|p, for |u| ≤ α1, x ∈ Ω,

the authors can prove that the functional Iλ1 has a local linking at zero with respect to (1.1), and obtain multiple nontrivial
solutions for Eq. (P1) with double resonance at infinity and at zero. For the existence of solutions obtained via variational or
topological methods, we also refer to [1–3,7,11,13,29] and references therein.

Note that, in all quoted papers above, the existence of nontrivial solutions for the resonant problem depends on the
interplay of nonlinearity’s behaviors near infinity and near zero. However, when p = 2 the authors in [27] obtain at least
two nontrivial solution for λ = λ1 and one nontrivial solution for the higher eigenvalue λ = λk (k > 2), by only assuming
the following conditions on the C1 nonlinearity near zero: f ′(x, 0) = 0 for x ∈ Ω and
(f ±

1 ) there exists α2 > 0 such that

±F(x, u) > 0, for 0 < |u| ≤ α2, x ∈ Ω.

The first aim of this paper is to extend the results in [27] to the quasilinear elliptic equation (P1) underweaker conditions.
Precisely, our result reads as follows.

Theorem 1.1. Suppose that (f0) and (f1) hold. If λ = λ1, then Eq. (P1) has at least one nontrivial solution.

Remark 1. Note that, except for the growth condition, we also need no conditions on f (x, u) for u large. Moreover, The-
orem 1.1 generalizes the results in [27] in the sense that the space W 1,p

0 (Ω) with p ≠ 2 is not a Hilbert space and the
functional Iλ may be only of class C1.

Next, for the ordinary differential equation we can get more nontrivial solutions. More precisely, consider the two point
boundary value problem

−ü = Λu + g(x, u), x ∈ (0, π),
u(0) = u(π) = 0, (P2)

where Λ ∈ R is a parameter. Assume that g(x, u) : [0, π] × R → R is a differentiable function satisfying
(g±) g(x, 0) = g ′(x, 0) = 0, and there exists α > 0 such that

±G(x, u) > 0, for 0 < |u| ≤ α, x ∈ (0, π),

where G(x, u) =
 u
0 g(x, s)ds. Then we have the following existence result.

Theorem 1.2. Suppose that (g+) (or (g−)) holds. If Λ = m2 (m = 1, 2, . . .), then Eq. (P2) has at least two nontrivial solutions.

Remark 2. (1) Note that, Theorem 1.2 extends the results in [27], which can only get one nontrivial solution for the case of
m > 2. Our proof is based on the following fact that the eigenvalues of the linear boundary problem

−ü = Λu, x ∈ (0, π),
u(0) = u(π) = 0, (1.2)

are Λ = m2 (m = 1, 2, . . .), and they are all simple.
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