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1. Introduction and main results

Let D be a simply connected subdomain of the complex plane C. A complex-valued function f defined in D is called a
harmonic mapping in D if and only its real and the imaginary parts of f are real harmonic in D. It is known that every harmonic
mapping f defined in D admits a decompositionf = h+g, where hand g are analytic in D. Since the Jacobian J; of f is given by

Jr =17 = &P =P =g

f is locally univalent and sense-preserving in D if and only if |g’(z)| < |h’(z)| in D; or equivalently if h’(z) # 0 and the
dilatation @ = g’/h’ has the property that |w(z)| < 1in D (see [16]). Let #(D) denote the class of all sense-preserving

harmonic mappings in D. We refer to [7,9] for basic results in the theory of planar harmonic mappings.

Fora € C,letD(a,r) = {z : |z — a| < r}.In particular, we use D, to denote the disk D(0, r) and D, the open unit disk

D;. For a harmonic mapping f defined on D, we use the following standard notations:
A @) = max |f@) +e L@ =L@+ @)
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and
@)= min L@ +e " E@)] = |IF@)] - [F@I .

We recall that a function f € #(D) is said to be K-quasiregular, K € [1, 00), ifforz € D, A;(z) < KAf(2). In addition, if
f is univalent in D, then f is called a K-quasiconformal harmonic mapping in D.

Let £2 be a domain of C, with non-empty boundary. Let dg; (z) be the Euclidean distance from z to the boundary 92 of
£2. In particular, we always use d(z) to denote the Euclidean distance from z to the boundary of D. The normalized area of a
set G C Cis denoted by A(G). It means that A(G) = area (G)/x, where area (G) is the area of G. The area problem of analytic
functions has attracted much attention (see [1,22-24]). We investigate the area problem of harmonic mappings and obtain
the following result.

Theorem 1. Let £2; and £2, be two proper and simply connected subdomains of C containing the point of origin. Then for a
sense-preserving and K-quasiconformal harmonic mapping f defined in §2; with f(0) = 0,

KA(f (£21) N $22) + A(f~1(£22)) = min{d}, (0), d5,, (0)}. ¢))
Moreover, if K = 1, then the estimate of (1) is sharp.

We remark that Theorem 1 is a generalization of [22, Theorem].
A planar harmonic mapping f defined on D is called a harmonic Bloch mapping if

If () — f(w)]
Bf= sup ————— <0
z,weD, z#w oz, w)
Here B is called the Lipschitz number of f, and
1 14+ |z —w)/(1—2zw)| —
p(z, w) = = log = =
2 1—-1z—-w)/(1—2zw)| —Zw
denotes the hyperbolic distance between z and w in . It is known that
Br = sup{(1 - 1z1) 47 (2)}.
zeh

) = arctanh

Clearly, a harmonic Bloch mapping f is uniformly continuous as a map between metric spaces,
f:@p)— (C D,

and for all z, w € D we have the Lipschitz inequality
If(2) = f(w)| = Br p(z, w).

A well-known fact is that the set of all harmonic Bloch mappings, denoted by the symbol # 8B, forms a complex Banach
space with the norm || - || given by

If s = Lf (O)] + sug{a — 21 A5 (2)}.

Specially, we use B to denote the set of all analytic functions defined in D which forms a complex Banach space with the
norm

Iflls = IF(0)] + Slelg{(l — 1z @1

The reader is referred to [8, Theorem 2] (see also [5,6]) for a detailed discussion.
Forr € [0, 1), the length of the curve C(r) = {f(re’e) 160 €0, 271]}, counting multiplicity, is defined by

2 2
b= [ aree =r [ e - e e a0
0 0
where f is a harmonic mapping defined in D. In particular, it is convenient to set
£ (1) = sup £ (r).

O<r<1

Theorem 2. Let f(z) = Z;io anz" + Z;’il byz" be a sense-preserving K-quasiconformal harmonic mapping. If £;(1) < oo,
then for n > 1,

Ker(1
anl + ] = LD @)
nmw
and
Af(Z)EM (3)

2m(1—Iz)’
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