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carry out a detailed study of some linear eigenvalues problems and we use mainly bifurca-
tion and sub-supersolution methods.
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1. Introduction and main results

Let 2 ¢ RN, N > 2, be a bounded domain with a C>¥ boundary, 0 < y < 1. We are interested in the existence and
stability properties of positive solutions for the problem

—Au = am)(u — u?)

u
— =qau
av

(P)

where A, @ € R, m € C'(£2) changes sign and v is the outward unit normal to 92.
Throughout this article we assume that

/m<0,
2

(1)

since the case fQ m > 0 reduces to (1) changing A by —A. The case fg m = 0 is singular and will be treated elsewhere.
We shall treat (P) by a bifurcation approach, so we shall consider the linear eigenvalue problem

—Au = Am(x)u
au
— =au

av
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Fig. 1. Bifurcation diagrams of (P): Case (a) « < 0 and Dirichlet boundary conditions. Case (b) @ = 0.

It is known by [1] that there exists o > 0 such that (E) possesses two principal eigenvalues, denoted by A7 () and
)\T(a), for o < og. In the homogeneous Dirichlet boundary conditions case, we denote them by )\f(D). In Section 2 we
recall the results from [1] and complement them providing an expression for «.

Let us note that (P) has already been studied in different cases. For the cases « < 0 (cf. [7]) and Dirichlet boundary con-
ditions (cf. [2,11]), it has been proved that (P) has a positive solution for all A # 0 and, under further conditions for a priori
bounds, at least two positive solutions for A € (—00, A} (o)) U ()»1*(04), +oo) and A € (—o0, A (D)) U (AT(D), +00),
respectively. See Fig. 1(a) for the bifurcation diagram in these cases.

The case o = 0, which has been analyzed in [6] (see also [14,17]), is singular in the following sense: the trivial solutions
u=0andu = 1exist forall . € R, and for A = 0 the positive constants are solutions. Moreover, for A € (—o0, —)\T(O)) U
()\1*(0), +00) there exists a stable solution u < 1, which is the only positive solution of (P) less than one, see Fig. 1(b). Recall
that in this case A (0) = 0.

Finally, the case @ > 0 and small was studied in [7]. Assuming 2 < (N + 2)/(N — 2) and using variational methods, the
authors proved thatif 0 < o < af and A € (A] (), )‘T(O‘)) then (P) possesses at least a positive solution.

In this article, we adopt a different viewpoint, namely, we fix A and look at « as a bifurcation parameter. Consequently,
we improve some results of [6] for « = 0, and complement the study of (P) when « > 0.

We shall assume that

M. :={xe £2:m* >0}

are open and regular sets; here m* = max{4m, 0}. We shall also assume that m* (x) & [dist(x, Z)Mi)]Vi for x close to dM .
and some y+ > 0.

Let
My := 2\ (M; UM_). (2)
We assume the following conditions on M. and Mjy:
My is a proper subdomain of £2, i.e. dist(d£2, My N £2) > 0. (Hwm,)
My = IFU LS, with I = 92 N M and I}F € 2. (Hu,)

In fact, (Hy, ) is assumed to avoid regularity issues, see [12]. Two examples of domains satisfying the above conditions are
depicted in Fig. 2.
Our first result is related to a priori bounds for positive solutions of (P). We show that if

N+2 N+1+yi}

) 3
N-2 N-1 )

2<min{

then, there exist a priori bounds for positive solutions of (P) whenever « varies in compact sets of R.
In order to state our main results, we need to introduce some further notation. We denote by A;(—A — Am, N) and
A1(—A — Am, D) the principal eigenvalues of the problem

—Ap —AmX)p =o¢ in$2,

under homogeneous Neumann and Dirichlet boundary conditions, respectively. In Section 2, we show that given A € R, there
exists a principal eigenvalue of (E) with respect to «, denoted by a1 (1), if and only if A;(—A — Am, D) > 0. Furthermore,
sign(aq (1)) = sign(A1(—A — Am, N)).

Note that if A = 0 then (P) has no positive solutions unless &« = 0, in which case the positive constants are solutions. So
we assume that A ## 0 throughout this article.

We state now our main results (see Fig. 3):
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