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a b s t r a c t

In this paper, we prove the existence of a pullback attractor in H2(Ω) for the process
{U(t, τ )}t≥τ associatedwith the three dimensional non-autonomousplanetary geostrophic
viscous equations of large-scale ocean circulation by asymptotic a priori estimates.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we consider the regularity of the pullback attractor for the following three dimensional non-autonomous
planetary geostrophic equations of large-scale ocean circulation (see [16,18])

∇p + f k⃗ × v + ϵL1v = 0, (1.1)
∂p
∂z

+ T = 0, (1.2)

∇ · v +
∂w

∂z
= 0, (1.3)

∂T
∂t

+ v · ∇T + w
∂T
∂z

+ L2T = Q (1.4)

in the domain

Ω = M × (−h, 0) ⊂ R3,
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whereM ⊂ R2 is a bounded domain with smooth boundary ∂M, h > 0 is the depth of the ocean. The unknown functions in
the planetary geostrophic equations are the velocity field (v,w) = (v1, v2, w) = (v1(x, y, z, t), v2(x, y, z, t), w(x, y, z, t)),
the pressure p(x, y, z, t) and the temperature function T (x, y, z, t). The given function f = f0(β+y) is the Coriolis parameter,
ϵ > 0 is a small constant, Q (x, y, z, t) is a heat source.

Throughout this paper, we denote the two-dimensional horizontal gradient, Laplacian by ∇,∆, respectively, and the
operators L1 and L2 are given by

L1 = −Ah∆− Aν
∂2

∂z2
,

L2 = −Kh∆− Kν
∂2

∂z2
,

where Ah, Aν are positive molecular viscosity constants and Kh, Kν are positive conductivity constants. For simplicity, let
Γu be the upper boundary ofΩ , let Γl be the lateral boundary ofΩ and let Γb be the bottom boundary ofΩ , i.e.,

Γu = {(x, y, z) ∈ Ω̄ : z = 0},

Γl = {(x, y, z) ∈ Ω̄ : (x, y) ∈ ∂M,−h ≤ z ≤ 0},

Γb = {(x, y, z) ∈ Ω̄ : z = −h}.

Eqs. (1.1)–(1.4) are subject to the following boundary conditions with wind-driven on the top surface, nonslip and non-flux
on the side walls and bottom (see [12,18])

Aν
∂v

∂z


Γu

= µ, w|Γu = 0,

Kν
∂T
∂z

+ α(T − T ∗)


Γu

= 0, (1.5)

∂v

∂z


Γb

= 0, w|Γb = 0,
∂T
∂z


Γb

= 0, (1.6)

v · n⃗

Γl

= 0,
∂v

∂ n⃗
× n⃗


Γl

= 0,
∂T
∂ n⃗


Γl

= 0 (1.7)

and initial condition

T (x, y, z, τ ) = Tτ (x, y, z), (1.8)

whereµ(x, y) is the wind stress, n⃗ is the normal vector on Γl, T ∗(x, y) is the typical temperature of the top surface and α is
a positive constant.

Due to the boundary conditions (1.5)–(1.7), it is natural to assume that T ∗ satisfies the compatibility boundary condition

∂T ∗

∂ n⃗


∂M

= 0. (1.9)

The planetary geostrophic equations are derived from the Boussinesq equations for the planetary scale ocean by using
standard scale analysis (see [13,12,14,15,21]). During the past several decades, many authors have considered the well-
posedness ofweak solutions and strong solutions, the long-time behavior of solutions for the three dimensional autonomous
planetary geostrophic viscous equations of large-scale ocean circulation (see [2,16,17]). In [16], the authors proved the
existence of global (in time) weak solutions for the three dimensional autonomous planetary geostrophic viscous equa-
tions of large-scale ocean circulation under the assumptions Q ∈ L2(Ω), µ ∈ L2(M), T ∗

∈ L2(M) and T0 ∈ L2(Ω).
The existence of global strong solutions for the three dimensional autonomous planetary geostrophic viscous equations
of large-scale ocean circulation was proved in [17] by using the fact that the maximum principle on T was established
in [6] under the assumption T0 ∈ L∞(Ω) or T0 ∈ H2(Ω). However, in [2], under stronger conditions than [16], namely
Q ∈ L2(Ω), µ ∈ H1

0 (M), T ∗
∈ H2(M) and T0 ∈ L2(Ω), the authors proved the well-posedness of weak solutions for the

three dimensional autonomous planetary geostrophic viscous equations of large-scale ocean circulation and obtained the
existence of global strong solutions for the three dimensional autonomous planetary geostrophic viscous equations of large-
scale ocean circulation under weaker conditions than [17], i.e., Q ∈ H1(Ω), µ ∈ H1

0 (M), T ∗
∈ H2(M) and T0 ∈ H1(Ω).

Meanwhile, the authors proved the existence of a finite dimensional global attractor in H ⊂ L2(Ω) for the three dimen-
sional autonomous planetary geostrophic viscous equations of large-scale ocean circulation by the Sobolev compactness
embedding theorem. In [23], the authors proved the existence of global attractors in V and H2(Ω) for the three dimen-
sional autonomous planetary geostrophic viscous equations of large-scale ocean circulation by the Sobolev compactness
embedding theorem and asymptotic a priori estimates, respectively.
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