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a b s t r a c t

In this paper, we are interested in a degenerate Keller–Segel model in the half space
xn > lt in high dimensions, with a constant l. Under the conservative boundary condition,
we study the global solvability, regularity and long time behavior of solutions. We first
construct Green’s function of the half space problem and study its properties. Then by
Green’s function, we give the implicit formula of solutions. We prove that when the initial
data is small enough, the half space problem is always globally and classically solvable.
We also obtain decay estimates of solutions when the parameter l have different signs.
For l < 0, the time decay of solutions is (1 + t)−n/2. While for l > 0, the time decay is
(1+ t)−(n−1)/2, and in this case, we also obtain an exponential decay in the spatial space in
the xn-direction.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Chemotaxis is a phenomenon describing the movements of cells, bacteria or organisms in response to some chemical
signals. A classical chemotaxis model is the well-known Keller–Segel (KS) model [1] proposed by Keller and Segel in 1970s.
It has a very important simplified version described as:

∂tu − ∆u = −β∇ · (u∇v),
λv − ∆v = u, (1.1)

where x = (x1, . . . , xn−1, xn) ∈ Rn are space variables, u(x, t) denotes the density of cells, and v(x, t) denotes the chemical
concentration. The parameters β represents the sensitivity of cells to the chemical signals, and β > 0 (<0) corresponds to
attractive (repulsive) chemotaxis. λ is a positive parameter.

This chemotaxismodel has received lots of attention due to its variousmeaningful issues and significance in biology. One
interesting feature of the model lies in the competition between diffusion and nonlocal aggregation, and consequently, the
solutions of the model can behave very differently. So far, there have been much literature that investigated it from various
viewpoints. When n = 1, the solutions of the model exist globally and are uniformly bounded (see [2]). When n ≥ 2, there
can be more interesting phenomenon that the finite time or infinite time blow-upmay occur (see in [3–7]). For the problem
(1.1) with small initial data, global existence of solutions always hold and the long time behavior is like the heat equation,
for which, one can refer to [8–10].

The papersmentioned above are devoted to Cauchy problems and initial–boundary value problems in a bounded domain.
While for a moving boundary problem, to the author’s best knowledge, such relative results are not shown so far. In this
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paper, we are interested in a half space problem of the Keller–Segel model, and we study the regularity and long time
behavior of its solutions. We consider the problem in the half space xn > lt in high dimensions with some given constant l,
and correspondingly, xn = lt is the moving boundary.

∂tu − ∆u = −β∇ · (u∇v), x ∈ Rn, xn > lt, t > 0,
λv − ∆v = u, x ∈ Rn, xn > lt, t > 0,
(l + ∂xn)u |xn=lt = ∂xnv |xn=lt = 0,
u(x, 0) = u0(x), x ∈ Rn, xn > 0.

(1.2)

For the convenience, we apply the coordinate transform xn → xn + lt in (1.2), and obtain
∂tu − l∂xnu − ∆u = −β∇ · (u∇v), x ∈ Rn

+
, t > 0,

λv − ∆v = u, x ∈ Rn
+
, t > 0,

(l + ∂xn)u |xn=0 = ∂xnv |xn=0 = 0,
u(x, 0) = u0(x), x ∈ Rn

+
,

(1.3)

where Rn
+

= {(x1, . . . , xn−1, xn) ∈ Rn
|xn > 0} and n ≥ 2. Here we pose the conservative boundary condition for u(x, t) to

preserve the total mass of cells, which is a significant feature of chemotaxis models.
Usually, when we consider an initial-boundary value problem, the energy estimate is needed. However, pointwise

estimates cannot be obtained from purely energy method. This technical difficulty can be partly dealt with well by the
Fourier analysis in the whole space. In that case, we often use Green’s functions of equations to formulate solutions, which
is very helpful for our studies. And the key point is applying the Fourier analysis to Green’s functions to obtain some useful
estimates, such technique can be seen in many works [11–14]. While for the half space problem, Green’s functions are
not so easy to yield, since the traditional Fourier analysis is valid only in the whole space. In this paper, we first aim at
constructing Green’s function of (1.3) and investigating its properties. The process mainly follows Liu and Yu [15] andWang
and Yu [16] which applied the standard Fourier–Laplace transforms to study the boundary relations. Their idea is to convert
the differential equations into algebraic forms and then to use complex analysis and the boundary relation to invert the
transforms. The procedure is called algebraic-complex scheme [16]. In constructing Green’s function of (1.3), we also find
a useful identity, by which Green’s function can be written in a beautiful and symmetrical form. The identity is also very
helpful for our estimates. We shall show that in Section 2.

The second aim of this paper is to study the global existence, regularity of solutions and long time behavior of the system
(1.3) for the parameter l with different signs. We prove that no matter what sign of l, the initial–boundary value problem
(1.3) is always globally and classically solvable for small initial data. We mention that the initial data u0(x) considered here
is mathematically general and not restricted to be positive, although the density u(x, t) is always thought nonnegative. This
consideration is also meaningful when we proceed further studies about perturbation stability or some other problems.
More than that, we obtain the decay estimates of solutions in L∞ norm for different l. When l is negative, the time decay
rate is (1 + t)−n/2, and the coefficient is uniform about l, which is a little beyond expectation. While for positive l, there is
a more interesting result that the solutions can be divided into two parts having different behaviors. For one part, the time
decay rate remains (1+ t)−n/2, while for the other one, the time decay changes to (1+ t)−(n−1)/2 and the spatial behavior in
the xn-direction is exponentially decaying. The author believes that the previous part can also have the exponential decay
property in the xn-direction, if the initial data is required to satisfy more conditions. From this we can infer that the long
time behavior is influenced by the direction of the moving boundary.

Before showing our results, we first give some notations in the paper.
Notation. For any x = (x1, . . . , xn−1, xn) ∈ Rn

+
, we will always denote x̄ = (x1, . . . , xn−1). And denote ∇x = (∂x1 , . . . ,

∂xn−1 , ∂xn), ∇x̄ = (∂x1 , . . . , ∂xn−1). W
s,p(Rn

+
) represents the usual Sobolev space and the Lp norm of a function is denoted by

∥ · ∥p. Denote

erfc(a) =
2

√
π


∞

a
e−s2ds, (1.4)

for any a ∈ R. For any function f (t) defined in t ≥ 0, let L[f ] be the Laplace transform of f (t),

L[f ](s) =


∞

0
f (t)e−stdt, (1.5)

and L−1
[·] the inverse Laplace transform. We also denote generic constants by C which may vary line by line according to

the context, and c represents a universal constant. Our main results are as follows:

Theorem 1.1 (Case l < 0). Suppose l < 0. Also suppose that u0 ∈ L1 ∩ H2
∩ W 1,∞(Rn

+
) and

∥u0∥1 + ∥u0∥∞ ≤ ε,

for some constant ε depending only on n, β and λ. Then the problem (1.3) is globally solvable in C2,1(Rn
+

× (0, +∞)) and it holds

∥(u(t), v(t))∥∞ ≤ Cε(1 + t)−n/2, for all t ≥ 0,

where C = C(n, β, λ) is independent of l.
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