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to establish the existence of a positive solution to the problem
—Apu = AK(x)f (u)  inBj,
u=~0 on 0B,
u(x)—0 as |x| — oo,
where B = {x € R"| [x| > 1}, Apu = div(|Vu|P2Vu),1 < p < n, A is a positive
parameter, K belongs to a class of functions which satisfy certain decay assumptions and

f belongs to a class of (p — 1)-subhomogeneous functions which may be singular at the
origin, namely lim,_, o+ f (s) = —oo. Our methods can be also applied to establish a similar

Sub and supersolutions existence result when the domain is entire R".
Singular problems © 2014 Elsevier Ltd. All rights reserved.

1. Introduction

We consider problems of the form

—Apu =h(x,u) in£°, (1)
u=~0 on 452,

where Apu = div(|VulP=2Vu),p > 1,2 C R"is a simply connected bounded domain containing the origin with C?
boundary 92, 2¢ = R™\ is an exterior domain, and h : £°¢ x (0, 00) — R is a Caratheodory function, i.e, h(x, -) is
continuous for a.e. x € £2¢ and h(-, s) is measurable for all s € (0, co). We prove the existence of a positive weak solution of
problem (1) under the assumption of the existence of an ordered pair of sub and supersolutions. We will allow h(x, s) to be
singular when x € 952 or when s = 0. A similar result was established in [1] in case of bounded domains. Our definitions of
a weak solution, sub and supersolutions are given below.

By a weak solution of (1), we mean a function u € C(£2°¢) N C'(£2¢) which satisfies

/ |Vu|”’2Vu~Vw=/ h(x, yyw forallw € C°(£2°),
o oc (2)

u=20 onos2.

Here, C2°($2¢) denotes the set of all smooth functions with compact support in £2¢.

* Corresponding author. Tel.: +420 377632648.
E-mail addresses: pdrabek@kma.zcu.cz (P. Drabek), lakshmi@ntis.zcu.cz (L. Sankar).

http://dx.doi.org/10.1016/j.na.2014.07.002
0362-546X/© 2014 Elsevier Ltd. All rights reserved.


http://dx.doi.org/10.1016/j.na.2014.07.002
http://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2014.07.002&domain=pdf
mailto:pdrabek@kma.zcu.cz
mailto:lakshmi@ntis.zcu.cz
http://dx.doi.org/10.1016/j.na.2014.07.002

P. Drdbek, L. Sankar / Nonlinear Analysis 109 (2014) 148-155 149
By a subsolution of (1), we mean a function ¥ € C(£2°) N C'(£2°) that satisfies

f IV IP2VY - Vw < / h(x, y)w forevery w € C°(£2°), w > 0in £2°,
¢ ¢

v >0 in 2°,

Y =0 onof2.

By a supersolution of (1), we mean a function Z € C(2°) N C!(£2°) that satisfies

/ |VZP~2VZ - Vw > f h(x,Z)w forevery w € CX°(2°), w > 0in 2°,
¢ 2°€
Z>0 in 2°,

Z=0 onos2.

Then we prove the following result.

Theorem 1.1. Let v be a subsolution of (1) and Z be a supersolution of (1) such that ¢ < Z in £2¢ and let h satisfy:

(Ho) for each bounded set M such that M C $2¢, there exists a constant Ky > 0 such that for a. e. x € M and for all s satisfying
Y (x) <s <Z(x), |h(x,s)| < Ku.

Then (1) has a weak solution u € C,l’cﬂ (£2°), for some B € (0, 1) such that ¢ < u < Zin £2°.

We note here that the conditions 1, Z > 0in £2¢, ¥ = Z = 0 on 92 are due to the singularity of h, and can be relaxed
to the usual conditions ¥ < 0,Z > 0 on 352 in the non singular case. The details of this can be found in the proof of
Theorem 1.1. Our methods can be also extended to study the existence of positive weak solutions to problems of the form

—Apu = h(x,u) inR", (3)

where h satisfies (Hg) on R". Here, by a weak solution of (3), we mean a function u € C!(R") which satisfies a corresponding
extension of (2) to R". The definitions of sub and supersolutions remain the same except that we do not have to deal with a
boundary condition. We obtain:

Theorem 1.2. Let v be a subsolution of (3) and Z be a supersolution of (3) such that v < Z in R" and let h satisfy (Hg) on R".
Then (3) has a weak solution u € C,l’cﬂ (R™), for some B € (0, 1) such that ¢ <u <ZinR".

As an application, we consider problems of the form

—Apu = AK(x)f (u) inBj,
u=0 on 9By, (4)
u(x) —> 0 as |x| — oo,

where B{ = {x € R"| |x|] > 1},1 < p < n, A is a positive parameter, f : (0, o0) — R belongs to a class of continuous
functions which are (p — 1)-subhomogeneous and may be singular at the origin, and K belongs to a class of functions which
satisfy certain decay assumptions. Similar problems were studied recently in [2,3], where the authors used Kelvin transfor-
mation to reduce (4) to a two point boundary value problem and established the existence of positive radial solutions. In
our paper, we study (4) in its original setting in a wider class of possibly non radial functions and establish the existence of
a positive weak solution.

Study of positive solutions to boundary value problems of the form

—Apu=Af(u) ing2,
u=20 onds2,

where £2 is a smooth domainin R", A is a positive parameter and f € C((0, c0), R) has been of great interest over the years.
The case when f(0) < 0 is referred in the literature as semipositone and it is known to be mathematically challenging to
establish the existence of positive solutions. When the domain is bounded, see [4-10] for some existence results in this case.
Existence results have been also established in the case when f is singular at the origin, i.e., lim,_, o+ f (s) = —oo (known as
an infinite semipositone problem, see [11-13,1,14-17]). When the domain is unbounded there are very few results available
in this direction.

We now state our assumptions on f and K.
(Hy) limg_, o f(s) = 00.
(Hp) limg_, o0 !p(—_s)l = 0((p — 1)-subhomogeneity of f).
(H3) There existb > 0, 8 € (0, 1) such that f(s) > 2 Vs > 0.
(H4) There existe > 0,A > O such thatf(s) <A Vs € (0, €).
(Hs) There exist Cp > 0, > n+ ,3(;_;’1’) such that 0 < K(x) < I% Vx € BS.
(Hp) infy= K(x) > 0Vr > 1.
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