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1. Introduction and main results

In this paper we devote our attention to the existence and multiplicity of period states to the following stationary Dirac
equation

3
— 1Y andu + apu+ Vxu = Gy(x, u) (1.1)
k=1

for x = (%1, X3, X3) € R>, where d; = 9/dx;, a > 0is a constant, a1, o, a3 and 8 are 4 x 4 Pauli-Dirac matrices:
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The equation arises when one seeks for the standing wave solutions of the nonlinear Dirac equation (see [1])

3
—ihdy = ich Y ardey — mc2By — MOV + Fy (x, ). (12)

k=1
Assuming that F(x, eyr) = F(x, ¥) forall @ € [0, 2], a standing wave solution of (1.2) is a solution of the form (¢, x)

= e% u(x). It is clear that i (t, x) solves (1.2) if and only if u(x) solves (1.1) with a = mc/h, V(x) = M(x)/ch + nly/h and
G(x,u) = F(x, u)/ch.

There are many papers studying the standing wave of Dirac equations, see, [2-14] and their references. We note that in
these papers the solutions u are in L>(R3, C*).

A periodic solution of (1.1) may be referred as a standing periodic wave of (1.2). Recall that there have been a great deal of
work denoted to the study on existence and multiplicity of periodic solutions to Hamiltonian systems and wave equations,
such as [15-23] and their references. However, to our best knowledge, it seems there is no investigation on the periodic
solutions of nonlinear Dirac equations. This paper seems the first work on the subject by the variational method.

Let us now describe the results of the present paper. For notational convenience, writing « = (a1, @, @3) and o - V =

22:1 a0y, we rewrite Eq. (1.1) as
—ia-Vu+afu+ Vxu = Gy(x, u). (1.3)
Suppose that V(x) and G(x, u) are periodic with respect to x € R3. Precisely V (x) and G(x, u) satisfy

(V) V e C(R?, [0, 00)), and V (x) is 1-periodic in x,, k = 1, 2, 3.
(Go) G e CI(R® x C*, R), and G(x, u) is 1-periodic in x,, k = 1, 2, 3.

We are looking for periodic solutions of Eq. (1.3): u(x + z) = u(x) forany z € Z>.
Setting Q = [0, 1] x [0, 1] x [0, 1], if u is a solution of Eq. (1.3), its energy will be denoted by

1
@ (u) = / |:2(—ioz -Vu+aBu+ V(x)u) - u — G(x, u)] dx,
Q
where (and in the following) by v - w we denote the scalar product in C* of v and w.

First, we consider the superquadratic case. We make the following hypotheses:

(G1) Gy(x,u) =o(Ju]) asu — Oforx € Q.
(Gy) G(x,u)|u|~?> — oo as |u| — oo forx € Q.
(G3) G(x,u) > 0and there are o > 3 and C, R > 0 such that

|G, w]° < COx, Wl forx € Q, |ul = R,
where G(x, u) = 1Gu(x, u) - u — G(x, u).
We have the following conclusions:
Theorem 1.1. Let (V), (Go) and (G1)-(Gs) be satisfied. Then Eq. (1.3) has at least one nontrivial periodic solution in H'(Q, C*).
Theorem 1.2. Under the conditions of Theorem 1.1, if moreover G(x, u) is even with respect to u, then Eq. (1.3) possesses a
sequence {u,} of periodic solutions with the corresponding energy sequence @ (u,) — oo.

Next, we discuss the subquadratic case. We use the following assumptions:

(G4) G(x,0) =0and G,(x,0) =0, Vx € Q.
(Gs) There are Ry > 0 and & € (1, 2) such that

0 <Gyx,u)-u<é&Gkx,u), VxeQ,|ul > Rg.
(Gg) Thereared; > 0and t € (1, &] such that

G(x,u) > dq|ul*, VxeQ,|ul > 1.
(G7) Thereared, > 0and @ € (1, 2) such that

G(x,u) > dyul’, VxeQ,|ul <1.
(Gs) limsupy,_, o |u]~'|Gy(x, u)| = 0 forx € Q.

Theorem 1.3. Suppose that (V), (Go) and (G4)-(Gg) are satisfied. Then Eq. (1.3) has at least one nontrivial periodic solution in
H'(Q,CH.

Theorem 1.4. Under the conditions of Theorem 1.3, if in addition G(x, u) is even in u then Eq. (1.3) possesses a sequence of
nontrivial periodic solutions {u,,} satisfying 0 > & (u,) — 0.
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