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a b s t r a c t

Using the variational method, we study existence and multiplicity of periodic solutions
of a nonlinear Dirac equation. We establish the variational setting and obtain multiple
periodic solutions for the problem with superquadratic and subquadratic nonlinearities,
respectively.
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1. Introduction and main results

In this paper we devote our attention to the existence and multiplicity of period states to the following stationary Dirac
equation

− i
3

k=1

αk∂ku + aβu + V (x)u = Gu(x, u) (1.1)

for x = (x1, x2, x3) ∈ R3, where ∂k = ∂/∂xk, a > 0 is a constant, α1, α2, α3 and β are 4 × 4 Pauli–Dirac matrices:

β =


I 0
0 −I


, αk =


0 σk
σk 0


, k = 1, 2, 3

with

σ1 =


0 1
1 0


, σ2 =


0 −i
i 0


, σ3 =


1 0
0 −1


.
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The equation arises when one seeks for the standing wave solutions of the nonlinear Dirac equation (see [1])

− ih̄∂tψ = ich̄
3

k=1

αk∂kψ − mc2βψ − M(x)ψ + Fψ (x, ψ). (1.2)

Assuming that F(x, eiθψ) = F(x, ψ) for all θ ∈ [0, 2π ], a standing wave solution of (1.2) is a solution of the form ψ(t, x)
= e

iµt
h̄ u(x). It is clear that ψ(t, x) solves (1.2) if and only if u(x) solves (1.1) with a = mc/h̄, V (x) = M(x)/ch̄ + µI4/h̄ and

G(x, u) = F(x, u)/ch̄.
There are many papers studying the standing wave of Dirac equations, see, [2–14] and their references. We note that in

these papers the solutions u are in L2(R3,C4).
A periodic solution of (1.1)may be referred as a standing periodic wave of (1.2). Recall that there have been a great deal of

work denoted to the study on existence and multiplicity of periodic solutions to Hamiltonian systems and wave equations,
such as [15–23] and their references. However, to our best knowledge, it seems there is no investigation on the periodic
solutions of nonlinear Dirac equations. This paper seems the first work on the subject by the variational method.

Let us now describe the results of the present paper. For notational convenience, writing α = (α1, α2, α3) and α · ∇ =3
k=1 αk∂k, we rewrite Eq. (1.1) as

− iα · ∇u + aβu + V (x)u = Gu(x, u). (1.3)

Suppose that V (x) and G(x, u) are periodic with respect to x ∈ R3. Precisely V (x) and G(x, u) satisfy

(V ) V ∈ C(R3, [0,∞)), and V (x) is 1-periodic in xk, k = 1, 2, 3.
(G0) G ∈ C1(R3

× C4,R), and G(x, u) is 1-periodic in xk, k = 1, 2, 3.

We are looking for periodic solutions of Eq. (1.3): u(x + z) = u(x) for any z ∈ Z3.
Setting Q = [0, 1] × [0, 1] × [0, 1], if u is a solution of Eq. (1.3), its energy will be denoted by

Φ(u) =


Q


1
2
(−iα · ∇u + aβu + V (x)u) · u − G(x, u)


dx,

where (and in the following) by v · w we denote the scalar product in C4 of v andw.
First, we consider the superquadratic case. We make the following hypotheses:

(G1) Gu(x, u) = o(|u|) as u → 0 for x ∈ Q .
(G2) G(x, u)|u|−2

→ ∞ as |u| → ∞ for x ∈ Q .
(G3) G(x, u) ≥ 0 and there are σ > 3 and C, R > 0 such that

|Gu(x, u)|σ ≤ CĜ(x, u)|u|σ for x ∈ Q , |u| ≥ R,

where Ĝ(x, u) :=
1
2Gu(x, u) · u − G(x, u).

We have the following conclusions:

Theorem 1.1. Let (V ), (G0) and (G1)–(G3) be satisfied. Then Eq. (1.3) has at least one nontrivial periodic solution in H1(Q ,C4).

Theorem 1.2. Under the conditions of Theorem 1.1, if moreover G(x, u) is even with respect to u, then Eq. (1.3) possesses a
sequence {un} of periodic solutions with the corresponding energy sequenceΦ(un) → ∞.

Next, we discuss the subquadratic case. We use the following assumptions:

(G4) G(x, 0) = 0 and Gu(x, 0) = 0, ∀x ∈ Q .
(G5) There are R0 > 0 and ξ ∈ (1, 2) such that

0 < Gu(x, u) · u ≤ ξG(x, u), ∀x ∈ Q , |u| ≥ R0.

(G6) There are d1 > 0 and τ ∈ (1, ξ ] such that

G(x, u) ≥ d1|u|τ , ∀x ∈ Q , |u| ≥ 1.

(G7) There are d2 > 0 and θ ∈ (1, 2) such that

G(x, u) ≥ d2|u|θ , ∀x ∈ Q , |u| ≤ 1.

(G8) lim sup|u|→∞ |u|−1
|Gu(x, u)| = 0 for x ∈ Q .

Theorem 1.3. Suppose that (V ), (G0) and (G4)–(G8) are satisfied. Then Eq. (1.3) has at least one nontrivial periodic solution in
H1(Q ,C4).

Theorem 1.4. Under the conditions of Theorem 1.3, if in addition G(x, u) is even in u then Eq. (1.3) possesses a sequence of
nontrivial periodic solutions {um} satisfying 0 > Φ(um) → 0.
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