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a b s t r a c t

For an evolution process we prove the existence of a pullback exponential attractor, a
positively invariant family of compact subsets which have a uniformly bounded fractal
dimension andpullback attract all bounded subsets at an exponential rate. The construction
admits the exponential growth in the past of the sets forming the family and generalizes
the known approaches. It also allows to substitute the smoothing property by a weaker
requirement without auxiliary spaces. The theory is illustrated with the examples of
a nonautonomous Chafee–Infante equation and a time-dependent perturbation of a
reaction–diffusion equation improving the results known in the literature.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper we present a construction of a pullback exponential attractor for an evolution process. A pullback
exponential attractor is a positively invariant family of compact subsets which have a uniformly bounded fractal dimension
and pullback attract all bounded subsets at an exponential rate. Before the publication of [1] the constructions of a pullback
exponential attractor implied that the constructed family is uniformly bounded in the past (see [2–4]). In [1] it was shown
that the family may grow sub-exponentially in the past and still have a uniform bound on the fractal dimension. Below
we improve the results of that article by allowing the sets to grow even exponentially in the past and still have a uniformly
bounded fractal dimension. There are other differences between the results of [1] and ours. First of all, we do not assume the
process to be continuouswith respect to all the variables, i.e., the function {(t, s) ∈ R2: t ≥ s}×V ∋ (t, s, u) → U(t, s)u ∈ V
need not be continuous. However, we assume that the operators U(t, s) are Lipschitz continuous within the positively
invariant family of bounded absorbing sets {B(t): t ∈ R}. For convenience, we also require that the sets B(t) are closed
subsets of the Banach space V . Contrary to assumptions of [1], the sets B(t) may grow exponentially in the past and the
absorption of bounded subsets takes place also only in the past (see assumptions (A1)–(A3) in Section 2). Moreover, we
assume that the process decomposes in the past into a contracting part and a smoothing part (see assumptions (H1)–(H2)
in Section 2). Under these assumptions we prove the existence of a pullback exponential attractor, which also pullback
attracts the family {B(t): t ∈ R} (see Theorem 2.2). The same assumptions guarantee also the existence of the pullback
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global attractor with uniformly bounded fractal dimension (see Corollary 2.8). From the point of view of applications it
seems interesting to substitute the smoothing property (H2) by a weaker premise, which does not refer to any auxiliary
space. This is done in Corollary 2.6, which together with Theorem 2.2 and Corollary 2.8 constitutes the main results of
Section 2.

In Section 3 we consider a nonautonomous Chafee–Infante equation with Neumann boundary conditions
∂tu = △u + λu − β(t)u3, t > s, x ∈ Ω,
∂u
∂ν

= 0, t > s, x ∈ ∂Ω,

u(s) = us, x ∈ Ω,

in a smooth bounded domain Ω ⊂ Rd. Here we extend the results of [5] by allowing that the real function β tends to 0 in
−∞ at an exponential rate. We show that a pullback global attractor and a pullback exponential attractor both exist and
have a uniform finite bound on the fractal dimension. However, the diameter of their sections is unbounded in the past and,
in the case of a particular β , grows exponentially in the past.

In Section 4 we consider a nonautonomous reaction–diffusion equation with Dirichlet boundary condition
∂tu − △u + f (t, u) = g(t), t > s, x ∈ Ω,
u = 0, t > s, x ∈ ∂Ω,
u(s) = us, x ∈ Ω,

in a smooth bounded domain Ω ⊂ Rd under the assumptions on f considered in [6]. However, here we assume that
g ∈ L2loc(R, L2(Ω)) satisfies

∥g(t)∥2
L2(Ω)

≤ M0eα|t|, t ∈ R, (1.1)

with 0 ≤ α < λ1 and M0 > 0, where λ1 > 0 denotes the first eigenvalue of − △D, where △D is the Laplace operator in
L2(Ω) with zero Dirichlet boundary condition, while in [6] the function g could have only a polynomial growth. We prove
the existence of a pullback exponential attractor and a pullback global attractor in H1

0 (Ω), both with uniform bound on
fractal dimension of their sections, using Corollary 2.6 without the smoothing property.

2. Construction of pullback exponential attractors

Below we present a construction of a family of sets, called a pullback exponential attractor, for an evolution process
(see Theorem 2.2), which is a consequence of similar constructions for a discrete semi-process and a discrete process also
provided in this section.

We consider an evolution process {U(t, s): t ≥ s} on a Banach space (V , ∥·∥V ), i.e., the family of operators U(t, s): V → V ,
t ≥ s, t, s ∈ R, satisfying the properties

(a) U(t, s)U(s, r) = U(t, r), t ≥ s ≥ r ,
(b) U(t, t) = Id, t ∈ R,

where Id denotes the identity operator on V . If X is a normed space we denote by O(X) the class of all nonempty bounded
subsets of X and by BX

R (x) the open ball in X centered at x of radius R > 0.

Definition 2.1. By a pullback exponential attractor for the process {U(t, s): t ≥ s} on V we call a family {M(t): t ∈ R} of
nonempty compact subsets of V such that

(i) the family is positively invariant under the process U(t, s), i.e.,

U(t, s)M(s) ⊂ M(t), t ≥ s,

(ii) the fractal dimension in V of the sets forming the family has a uniform bound, i.e., there exists d ≥ 0 such that

sup
t∈R

dimV
f (M(t)) ≤ d < ∞,

(iii) there exists ω > 0 such that every set D ∈ O(V ) is pullback exponentially attracted at time t ∈ R by M(t) with the
rate ω, i.e., for any D ∈ O(V ) and t ∈ R we have

lim
s→∞

eωsdistV (U(t, t − s)D, M(t)) = 0, (2.1)

where distV (A, B) = supx∈A infy∈B ∥x − y∥V denotes the Hausdorff semi-distance.
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