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1. Introduction

The incompressible Navier-Stokes system in Cartesian coordinates is given by:

du—vAu+ (u-V)u=—Vp, inR" xR,
divu=0 inR" x R, (NS)
u(0) =u® inR3,

where v > 0 is the viscosity of the fluid, u = u(t,x) = (uq, Uz, u3) and p = p(t, x) denote respectively, the unknown
velocity and the unknown pressure of the fluid at the point (t, x) € Rt x R3, (u - Vu) = u191u + u3d,u + u3dsu, and
w = W), ud(x), ud(x)) is a given initial velocity. If u® is quite regular, the pressure p is determined. The system (NS)
has the scaling property: If u(t, x) is a solution of the initial data u°(x), then for any A > 0, Au(A?t, Ax) is a solution of
(NS) with the initial data Au®(Ax). Our problem is the type of the blow-up criterion of the solution if the maximal time
T* is finite. Precisely, the question posed by K. Ammari [1]: Is the type of explosion due to the chosen space or to the
non-linear part of the Navier-Stokes equations? In the literature, there are several authors who have studied the problem
of explosion of a non-global solution of (NS) system, and all the obtained results do not exceed C(T* —t)~° for some o > 0,
precisely: if u is a maximal solution of (NS) in ([0, T*), B) with T* < oo, then C(T* — t)™® < |Ju(t)|lg. The classical
result due to J. Leray [2,3]: if u is a non regular solution of the system (NS) and T* is the first time where u is not regular,
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then cv¥4(T* — )4 < Jlu(t)|l;1. Also, if u® € H*(R?), with s > 5/2, T. Kato [4] showed that there is an existence
and uniqueness for a local solution of (NS) in G([0, T]; H*(R?)) N €'([0, T]; H*~'(R?)). For more information, J. Beale,
T. Kato, A. Majda [5], and T. Kato, G. Ponce [6] proved the following blow-up result: letu € ([0, T*); H*(R?)) be a maximal
solution of (NS) given in [4] with T* is finite, then ||V X u|l;1(g 1+) 100 ®3)) = +00. To prove this result, the authors used
the following estimate 8t||u(t)||1245 < C||Vu(t)||re ||u(t)||§5, which gives c(T* — t)~! < |lu(t)||gs. To improve this result,
some authors treat the dependence of the growth of |u(t)||ys with respect to the index of regularity. In [7], the author
proved that, ifu € ([0, T*); H*(R?)) with k > 5/2 an integer, is the maximal solution of Euler or Navier-Stokes equations,
then C(T* — t)72%/> < |lu(t)|5. In [8], I showed that the quality of the explosion depends on the index of regularity.
Precisely, let u € C([0, T*), H(R?)), (s > 5/2), be a maximal solution of (NS), given by [4]. Suppose that T* < oo, then
C(T* —t)~3 < JJu(t) lgs, in which we can take s > 3/2.1n [9], for the periodic case, I proved that, if the maximal solution

u € C([0, T*); H5(T?)), s > 5/2, of Navier-Stokes equations, then C(T* — t)~2/> < ||u(t)||;s, and other results in H for
s’ € [1, s]. So, the idea is to find a functional space B, ;(R®) which has the form

B s(R%) = {f € P(®Y); / (1+ 612 («(8D)*[F (&) Pdg < OO],
R3

with s > 3/2 and the function « is defined and increasing from [0, co) to (0, co). The choice of s > 3/2 is not optimal for
the existence and uniqueness, we can take s > 1/2. But this condition is necessary to estimate |[7i(t)||,1 for finding a new
blow up result. This space is equipped with the norm

If llge,s = NleIDDS llns
and the associated inner product
(f/8)8, s = («(IDDf /e (IDDg)hs-

For the existence and uniqueness of the solution, a sufficient condition is the following

a(§]) < Ca(lE —nha(lnl), V& neR’. (1)
We can suppose that C = 1, simply to change « by Ca. If we take 8 = In(«), the condition (1) becomes

BUED < BUE —nD) + BUnD, V&, neR’.
A sufficient condition is

BUED < algl, VEeR’

where a > 0.
Therefore, we consider a function « which satisfies

a(lg]) < e Ve eR’.
Then, we choose the following family
ay)=eY, Vyel0,o00),

witha > 0and r € (0, 1]. To address the main issue, we will use the Sobolev-Gevrey space Hgﬁ(]l@), a>0ands € R,
o =1 €[1, 00), with the norm

p|l/o
If e, = 1P fllps.

Such Sobolev-Gevrey spaces have been used in other contexts, e.g., the recent works [10-12].
Now we are ready to state the main result.

Theorem 1.1. Let a, s, 0 € Rsuchthata > 0,s > 3/2and o > 1. Let u° € (H(§’(,(R3))3 such that divu® = 0. Then, there
is a unique time T* € (0, oo] and a unique solution u € C([0,T*), H; , (R?)) of Navier-Stokes equations (NS) such that
u & C([0, T*], H , (R?)). Moreover, if T* < oo, then

G = )P exp(aG (T = )% ) < Ju(®)llug,. Ve €[0,T"), (2)

where C; = C1(s,u%, 0) > 0and G, = G5(s, u°, o) > 0.

In this short paragraph, we explain our choice and its novelty. In the literature of the study of Navier-Stokes equations,
there are different types of spaces that are used. The first type is the homogeneous functional space, that is to say
IMfA)e = Aflles, YA > 0; For example: H*(R?), IP(R?), and €"(R?). There are also spaces that are almost
homogeneous (homogeneous for only A = 2%, k e Z) and satisfy, for all A > 0, |Af(A)|lg = A*|f |lg, that is to say
arIflle < IM (X ) le < c2A?|f |l The homogeneous Besov spaces give a typical example for this kind. In the same frame,
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