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a b s t r a c t

We deal with an Ambrosetti–Prodi problem driven by the p-Laplace differential operator,
with a ‘‘crossing’’ reaction which can be sublinear or superlinear (in the positive direction).
Using variational methods based on the critical point theory, together with upper–lower
solutions, truncation and comparison techniques and critical groups, we show the
existence of a unique critical parameter value λ∗ such that for λ < λ∗ there are at least
two nontrivial solutions, for λ = λ∗ there is at least one nontrivial solution, and for λ > λ∗

no solutions exist. We extend several recent results on this problem.
© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

LetΩ ⊂ RN be a boundeddomainwith aC2-boundary ∂Ω . In this paper,wedealwith the following parametric nonlinear
Dirichlet problem

− △p u (z) = f (z, u (z))+ λw (z) inΩ, u |∂Ω = 0. (Pλ)

Here △p denotes the p-Laplace differential operator defined by

△p u = div

∥Du∥p−2

RN Du

, for all u ∈ W 1,p

0 (Ω) , 1 < p < ∞.

Also, f (z, x) is a Carathéodory perturbation (i.e., for all x ∈ R, z → f (z, x) is measurable and for a.a. z ∈ Ω , x → f (z, x)
is continuous), λ ∈ R is a parameter andw ∈ C (Ω) ∩ L∞ (Ω)withw (z) > 0 for all z ∈ Ω . We assume that for a.a. z ∈ Ω ,
f (z, .) exhibits asymmetric growth near +∞ and near −∞. More precisely, we assume that the quotient f (z,x)

|x|p−2x
asymptot-

ically at −∞ remains below the first eigenvalueλ1 of − △p,W
1,p
0 (Ω)


, allowing for partial interaction (nonuniform non-

resonance), while asymptotically at +∞ it is aboveλ > 0, again with partial interaction possible. In fact, we deal with both
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the (p − 1)-sublinear case (i.e., lim supx→+∞

f (z,x)
xp−1 is finite) and the (p − 1)-superlinear case (i.e., limx→+∞

f (z,x)
xp−1 = +∞).

For the latter case, we do not employ the usual in such instances (unilateral) Ambrosetti–Rabinowitz condition (the AR-
condition for short). Instead, we employ a weaker condition which also incorporates in our framework superlinear per-
turbations with ‘‘slower’’ growth near +∞. Problems with a reaction exhibiting such an asymmetric growth are known
in the literature as ‘‘Ambrosetti–Prodi problems’’. Their study was initiated with the semilinear work (i.e., p = 2) of Am-
brosetti–Prodi [1]. Since then there have been several extensions and variants of the semilinear Ambrosetti–Prodi prob-
lem. In this direction, we mention the papers of Berger–Podolak [2], de Figueiredo [3], Hess [4] (the sublinear case) and de
Figueiredo–Solimini [5] (the superlinear case). In the aforementionedworks it is proved that for such problems, one can find
a critical parameter value λ∗ such that for all λ < λ∗, the problem has at least two solutions, for λ = λ∗ there exists at least
one solution, and for λ > λ∗ the problem has no solutions.

The nonlinear problem (i.e., p ≠ 2), was studied only recently startingwith thework ofMawhin [6] on periodic equations
driven by the scalar p-Laplacian. The first papers that focus on partial differential equations involving the p-Laplacian are
those of Arcoya–Ruiz [7] and Koizumi–Schmitt [8], both dealing with the (p − 1)-sublinear case. The (p − 1)-superlinear
casewas investigated in the recent works of Arias–Cuesta [9] andMiotto [10].We should alsomention the very recent paper
of de Paiva–Montenegro [11]which studies the (p − 1)-sublinear Neumann Ambrosetti–Prodi problem. In all the aforemen-
tioned nonlinear works, it is proved that there exist two critical parameter values −∞ < λ∗ ≤ λ∗ < +∞ such that:
• for all λ < λ∗, problem (Pλ) has at least two solutions;
• for λ ∈ [λ∗, λ

∗], problem (Pλ) has at least one solution;
• for all λ > λ∗, problem (Pλ) has no solutions.

The question of whether λ∗ = λ∗ or not was left open in general. Some partial answers with additional restrictions on
the data of the problem can be found in Arcoya–Ruiz [7] (see Theorem 4.4, sublinear case) and in Arias–Cuesta [9] (Theo-
rem 5.1, superlinear case). We mention that in all of the above nonlinear works, the approach is topological, based on the
Leray–Schauder degree.

In this paper, we use a perturbation f (z, x)which satisfies weaker regularity conditions than in [7–10]. By introducing a
condition concerning the behavior of x → f (z, x) near zero, we are able to prove the exact analog of the ‘‘semilinear result’’.
So, we prove the existence of one critical parameter λ∗ > 0 (i.e., λ∗ = λ∗ > 0) such that
• for all λ < λ∗, problem (Pλ) has at least two nontrivial solutions;
• for all λ = λ∗, problem (Pλ) has at least one nontrivial solution;
• for all λ > λ∗, problem (Pλ) has no solutions.

Note that here, by virtue of the extra condition on f (z, .) near zero, we are able to show that the solutions produced
are nontrivial. Moreover, our approach provides a unified treatment of both the sublinear and superlinear cases. Our tools
are variational, based on the critical point theory, coupled with truncation and comparison techniques and with the use of
Morse theory (critical groups). In the next section, for easy reference, we recall some of the mathematical tools which will
be used in the sequel.

2. Mathematical background

Throughout this paper, by ∥.∥p wedenote the normof Lp (Ω) or Lp

Ω,RN


, and by ∥.∥wedenote the normof the Sobolev

space W 1,p
0 (Ω). By virtue of the Poincaré inequality we have

∥u∥ = ∥Du∥p for all u ∈ W 1,p
0 (Ω) .

By ∥.∥wewill also denote the RN -norm. No confusion is possible, since it will be clear from the context which norm is used.
For every x ∈ R, we set x±

= max {±x, 0} and then for u ∈ W 1,p
0 (Ω), we set

u± (.) = u (.)± .

It is well known (see for example, Gasinski–Papageorgiou [12], p. 199) that

u±
∈ W 1,p

0 (Ω) , |u| = u+
+ u−, u = u+

− u−.

By |.|N we denote the Lebesgue measure on RN . Finally, if g : Ω × R → R is a measurable function (for example, a
Carathéodory function), then we set

Ng (u) (.) = g (., u (.)) for all u ∈ W 1,p
0 (Ω) .

Let (X, ∥.∥) be a Banach space and X∗ its topological dual. By ⟨·, ·⟩we denote the duality brackets for the pair (X∗, X) and
we will use the symbol ‘‘

w
−→’’ to designate weak convergence.

Let ϕ ∈ C1 (X). We say that ϕ satisfies the Cerami condition (C-condition, for short), if the following is true:
‘‘every sequence {xn}n≥1 ⊂ X such that {ϕ (xn)}n≥1 ⊂ R is bounded and

(1 + ∥xn∥) ϕ′ (xn) → 0 in X∗ as n → ∞

admits a strongly convergent subsequence’’.
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