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1. Introduction

Let (M, g) be a complete Riemannian manifold with metric g and £2 C M a bounded domain with C# boundary 3£2 in
M. In this paper we consider the obstacle problem

f(MKrug + V2ul) = ¥ (x, Vu,u) in £,
u<h in $2,
u=g onds2,
u is admissible in £2,

(1.1)

where ¥ < 0is a constant, f is a symmetric function of A € R", V2u denotes the Hessian of a function u on M, for a (0, 2)
tensor X on M, A(X) denotes the eigenvalues of X with respect to the metric g.
The function f € C2(I") N C%(I") is assumed to satisfy the elliptic condition:

of
i=—>0 inl", 1<i<n, 1.2
U oA; - (1.2)
where I' is an open, convex, symmetric cone I" C R" with vertex at the origin and I'™ C I' # R" where
I'" = {A € R": each component A; > 0}.

An upper semicontinuous function u : 2 — R is admissible if A(ku(x)g + X) € T forallx € £ and (p, X) € ]é’*u(x),
where

I5 u() = {(Vo(x), V2p(x)) : ¢ is C? and u — ¢ has a local maximum at x}.
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We refer the reader of interest to [ 1-4] to the concept of k-convex and k-admissible functions where the authors treated the
weak solutions to k-Hessian equations.

Note that u € C?(£2) is admissible if and only if A[xug + V?u](x) € I foreachx € £2.

Our interest to study the obstacle problem for Hessian equations on Riemannian manifolds is from their applications to
differential geometry such as finding the greatest hypersurface with an obstacle whose Weingarten curvature is bounded
below by a nonnegative function as f = S,:/ k (see (1.11)). The case that f = S,}/ "and M = R", i.e. the obstacle problems
for Monge-Ampére type equations on R", are studied by many people. For example, in [5], Xiong and Bao have treated the
case that « = 0, Lee [6] considered similar problem when ¥y = 1, ¢ = 0 and §2 is a strictly convex domain in R" and in [7],
Caffarelli and McCann studied the free boundary problem related to optimal transportation problem. Another interesting
case is the Hessian quotient equations, i.e. f = S,l/,("_” = (S/SHV*D 1 <1<k <n(see[8])

Let A = {v : v is a viscosity solution of (1.1)} and

u(x) = sup v(x). (1.3)
VEA

We shall construct some smooth and nonsmooth viscosity solutions to (1.1) (see Theorem 1.3 below) for some special
cases. As is well known, finding a (viscosity) solution to (1.1) or a (viscosity) subsolution to (1.4) is crucial to using Perron’s
method and proving the existence of solutions. So it is worth to study in depth in general though it is a difficult job.

In this paper, we assume that 4 is not empty. We can show that u is still in the class + under the elliptic condition (1.2).
In this paper we are focused on the regularity of u.

As in [5], we call ¥ (x, p, z) has fine property, if comparison holds for equation

f(kug + V?u) = ¥(x, Vu,u) in 2, (1.4)
that is, let u (resp. v) be a viscosity subsolution (resp. viscosity supersolution) to (1.4) and u < v on 9G, then
u<v ingG,

where G C 2 is an arbitrary domain.
Many functions have the fine property, see Section 3 of [9] and Section 2 of [10].
In particular, we can prove the following.

Theorem 1.1. Suppose f satisfies (1.2) and ¥ (x, p,z) € C(T*M x R) > 0.If h > ¢ € C(d52) and h is upper semicontinuous
on 2, Then u defined in (1.3) still belongs to .

If, in addition, i has fine property and there exists a function u € A such that u, = ¢ on 052, where u, is the lower
semicontinuous envelope of u (see Definition 2.2), then u € C(£2) and it is the unique (viscosity) solution of

max{u — h, —(f(A[kug + V?u]) — v(x,Vu,u))} =0 ins2,

u>u in 2,
u=g onasf, (15)
u is admissible in £2.
In order to obtain more regularity, we need more assumptions. We assume f satisfies (see [11,12])
f is a concave function in I, (1.6)
> fi()x=0 forrer, (1.7)
i
fi=w <1+Zf,-> forany A € I with A; < 0, (1.8)
i
f>0 inrl, f=0 onar, (1.9)
and
1 .
(fi-fr Zpoin{r € I' : o < f(A) < Y1}, forany ¥ > o > 0. (1.10)
Our typical example for such f is S,: / k, where Sy is the k-th elementary symmetric function
S0)= Y Ak, 1<k=n, (1.11)

i <--<ig
defined on the cone

= eR':50) >0, j=1,... k.
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