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1. Introduction

In this paper we study the initial trace problem for positive solutions of
du— Au+g(x, t,u) = 0dans QF := 2 x (0,T) (1.1)
where £2 isan opendomaininRN, g € C(£2 xR, xR) suchthatg(x, t, -) is nondecreasing V(x, t) € 2 xRandrg(x, t,r) > 0

forall (x,t,r) € 2 x Ry x R. Our first result establishes the existence of an initial trace.

Theorem A. Assume g satisfies the above conditions and that Eq. (1.1) possesses a barrier atany z € 2.If u € C! (QTQ )isa
positive solution of (1.1), it admits an initial trace which belongs to the class of outer regular positive Borel measures in 2.

The barrier assumption will be made precise later on in full generality. It is fulfilled if g(x, t,7) = h(Xx)t%|r|9"'r with
a > —1,q > 1and h € L}, (£2) satisfies inf ess h > 0 for any compact subset K C $2, or if g satisfies the Keller-Osserman
condition, that is g(x, t, r) > h(r) > 0 where h is nondecreasing and there exists a such that

o0 ds S
/a Ji® whereH(s):/0 h(t)dt. (1.2)
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The initial trace of positive solutions of (1.1) exists in the following sense: there exist a relatively closed set § C §2 and a
positive Radon measure . on R := £2 \ 4 with the following properties:

(i) forany xo € S andany e > 0

lim u(x, t)dx = o0, (1.3)
=0 Jp. o)n2

(ii) forany ¢ € C.(R)
lim/ u(x, t);(x)dx:/ cdu. (1.4)
t—0 Q Q

The couple (4, u) is unique and characterizes a unique positive outer regular Borel measure v on £2.
A similar notion of boundary trace has been introduced by Marcus and Véron [1] in the study of positive solutions of

—Au+gkx,u) =0 inf2. (1.5)

This notion itself has turned out to be a very useful tool for classifying the positive solutions of (1.5).
In the second part we concentrate on the particular case of equation

dtt — Au+ t*[ul’'u = 0 dans QF (1.6)

where T > 0, > —1and g > 1. Among the most useful tools, we point out the description of positive solutions
with an isolated singularity at (a, 0) for a € 2, whenever they exist: they are solutions u of (1.6) in QTQ, which belong
to C*' (QF) NC (2 x [0,T) \ {(a, 0)}) and satisfy

u(x,0) =0 in 2\ {a}. (1.7)
When « = 0, Brezis and Friedman prove in [2] that if Byg(a) C £2, then any such solution satisfies
C(N,q,R)
u@, t) < ———  — V(x, t) € Bg(@) \ {0} x [0, T]. (1.8)
(Ix—al* +1t)""
They also prove thatif 1 < q < qv = 1+ % and k > O there exist singular solutions with initial data u(-, 0) = kd,,

unique if u vanishes on 952 x [0, T]. In this range of exponents, Brezis, Peletier, and Terman obtain in [3] the existence and
uniqueness of a very singular solution of (1.6), always with « = 0: it is a positive solution in Qu, := QE)N under the form

X
vo(x, £) = ¢~y (— ,
NG

where V, > 01is C? and satisfies

1 1 q Y
—AVy — ET]VVO— 1V0+V0 =0 inR

) (1.9)
lim [n|=TVo(n) = 0.
[n|—o00
Actually, Kamin and Peletier [4] show that v is the limit of the solutions uy, of (1.6) in Q. which satisfy u(-, 0) = k&o. The
very singular solution plays a fundamental role in Marcus and Véron's description [5] of the initial trace of positive solutions
of (1.6) with & = 0. In [6], Marcus and Véron study this equation wheno > 0and 1 < q < gun =1+ w They obtain
the existence of a self-similar solution of (1.6) in Q. under the form

. 1) t‘“‘?‘v<x)
vu(x, )y =t =TV, | — ),
N

which satisfies
lirré Ve(X%,8) =0 Vx#0
t—

and

lim | v, (x,t)dx =00 Ve > 0.
t—0 Be

The function V,, is nonnegative and verifies

1 14+«
— AVy = on.VV = %VQ +Vi=0 inR". (1.10)
q_
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