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a b s t r a c t

We study the initial trace problem for positive solutions of semilinear heat equations with
strong absorption. We show that in general this initial trace is an outer regular Borel
measure. We emphasize in particular the case where u satisfies (E) ∂tu−∆u+ tα |u|q−1u =

0, with q > 1 and α > −1 and prove that in the subcritical case 1 < q < qα,N :=

1 + 2(1 + α)/N the initial trace establishes a one to one correspondence between the set
of outer regular Borel measures in RN and the set of positive solutions of (E) in RN

× R+.
© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper we study the initial trace problem for positive solutions of

∂tu −∆u + g(x, t, u) = 0 dans QΩ
T := Ω × (0, T ) (1.1)

whereΩ is an opendomain inRN , g ∈ C(Ω×R+×R) such that g(x, t, ·) is nondecreasing∀(x, t) ∈ Ω×R and rg(x, t, r) ≥ 0
for all (x, t, r) ∈ Ω × R+ × R. Our first result establishes the existence of an initial trace.

Theorem A. Assume g satisfies the above conditions and that Eq. (1.1) possesses a barrier at any z ∈ Ω . If u ∈ C1(QΩ
T ) is a

positive solution of (1.1), it admits an initial trace which belongs to the class of outer regular positive Borel measures inΩ .

The barrier assumption will be made precise later on in full generality. It is fulfilled if g(x, t, r) = h(x)tα|r|q−1r with
α > −1, q > 1 and h ∈ L∞

loc(Ω) satisfies inf ess h > 0 for any compact subset K ⊂ Ω , or if g satisfies the Keller–Osserman
condition, that is g(x, t, r) ≥ h(r) ≥ 0 where h is nondecreasing and there exists a such that

∞

a

ds
√
H(s)

where H(s) =

 s

0
h(t)dt. (1.2)
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The initial trace of positive solutions of (1.1) exists in the following sense: there exist a relatively closed set S ⊂ Ω and a
positive Radon measure µ on R := Ω \ S with the following properties:

(i) for any x0 ∈ S and any ϵ > 0

lim
t→0


Bϵ (x0)∩Ω

u(x, t)dx = ∞, (1.3)

(ii) for any ζ ∈ Cc(R)

lim
t→0


Ω

u(x, t)ζ (x)dx =


Ω

ζdµ. (1.4)

The couple (S, µ) is unique and characterizes a unique positive outer regular Borel measure ν onΩ .
A similar notion of boundary trace has been introduced by Marcus and Véron [1] in the study of positive solutions of

−∆u + g(x, u) = 0 inΩ. (1.5)

This notion itself has turned out to be a very useful tool for classifying the positive solutions of (1.5).
In the second part we concentrate on the particular case of equation

∂tu −∆u + tα|u|q−1u = 0 dans QΩ
T (1.6)

where T > 0, α > −1 and q > 1. Among the most useful tools, we point out the description of positive solutions
with an isolated singularity at (a, 0) for a ∈ Ω , whenever they exist: they are solutions u of (1.6) in QΩ

T , which belong
to C2,1


QΩ
T


∩ C (Ω × [0, T ) \ {(a, 0)}) and satisfy

u(x, 0) = 0 inΩ \ {a}. (1.7)

When α = 0, Brezis and Friedman prove in [2] that if B2R(a) ⊂ Ω , then any such solution satisfies

u(x, t) ≤
C (N, q, R)

|x − a|2 + t
 1

q−1
∀(x, t) ∈ BR(a) \ {0} × [0, T ]. (1.8)

They also prove that if 1 < q < qN := 1 +
2
N and k > 0 there exist singular solutions with initial data u(·, 0) = kδa,

unique if u vanishes on ∂Ω × [0, T ]. In this range of exponents, Brezis, Peletier, and Terman obtain in [3] the existence and
uniqueness of a very singular solution of (1.6), always with α = 0: it is a positive solution in Q∞ := QRN

∞
under the form

v0(x, t) = t−1/(q−1)V0


x

√
t


,

where V0 > 0 is C2 and satisfies

−∆V0 −
1
2
η.∇V0 −

1
q − 1

V0 + V q
0 = 0 in RN

lim
|η|→∞

|η|
2

q−1 V0(η) = 0.
(1.9)

Actually, Kamin and Peletier [4] show that v0 is the limit of the solutions uk of (1.6) in Q∞ which satisfy u(·, 0) = kδ0. The
very singular solution plays a fundamental role inMarcus and Véron’s description [5] of the initial trace of positive solutions
of (1.6) with α = 0. In [6], Marcus and Véron study this equation when α ≥ 0 and 1 < q < qα,N = 1 +

2(1+α)
N . They obtain

the existence of a self-similar solution of (1.6) in Q∞ under the form

vα(x, t) = t−
1+α
q−1 Vα


x

√
t


,

which satisfies

lim
t→0

vα(x, t) = 0 ∀x ≠ 0

and

lim
t→0


Bϵ
vα(x, t)dx = ∞ ∀ϵ > 0.

The function Vα is nonnegative and verifies

−∆Vα −
1
2
η.∇Vα −

1 + α

q − 1
Vα + V q

α = 0 in RN . (1.10)
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