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1. Introduction

Let (X, || - I) be a real normed space. We define two mappings o, , p_: X x X — R:

lIx + tyll* = lIxI? x4yl = il
=l lim
t t—0 t

These mappings are called norm derivatives. Now, we recall their useful properties (proofs can be found in [1,2]):

" (x,y) ;== lim
)Oi( y) .

(nd1) Vyyex Vaer pL(x, ax +y) = alx]|* + p\ (X, y);
(nd2) Vyyex Yaso 0 (@x,y) = apl(x,y) = pL(x, ay);
(nd3) Vx,yex VYo<o p’i(OlXJ/) = (XP’;(X: y) = p:/t(X, ay);
(nd4) Vyex pl (x, %) = [|X]1%;

(nd5) Yy yex 104 G601 < X1 - Iyl

(nd6) Vy.yex PL(x,y) < p-,y(xv );

(nd7) Vyyzex 0} (%, ¥ +2) < p/ (%, ¥) + 0/ (%, 2);
(nd8) Vyy zex p_(x,y +2) = pL(x,¥) + p_(x, 2);

Moreover, mappings o/, , o’ are continuous with respect to the second variable, but not necessarily with respect to the first
one. Note, that if (X, (-|-)) is an inner product space, then (y|x) = p/ (x,y) = p’ (x, y) for arbitrary x, y € X.

In a real normed space, one can define various orthogonality relations. In the paper, we will consider the Birkhoff-James
orthogonality:

X1py & Vierlx|l < |Ix+ Ayll.
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In a real normed space X we have for arbitrary x, y € X (see [2]):

pL(x,¥) <0< p\(x,y) & x1py. (1.1)
In a similar way as in the inner product space, we introduce p, -orthogonality and p_-orthogonality (see [3,2]):

X1p ¥y pixy) =0, x1l, y:%p (xy)=0.
In an inner product space we have L = | ,, = 1, = 1s.Inan arbitrary normed space we have | ,,, 1, C ls.

2. Open problem

Let (H, (-|-)) be a Hilbert space. It is easy to check that, if f: H — H satisfies
Veyex  F@ly) = &IfFB)),

then f is linear and continuous. In this paper, we will give a natural generalization of such a functional equation in the case
of real normed spaces. The following problem was formulated in [1, p. 177].

Problem 2.1. Find all functions f: X — X such that
PLF(0,y) = p(x.f¥)),
forallx, y in X.
Further on, we will give a characterization of inner product spaces. Namely, we will answer the question posed

in[1, p. 177].

Problem 2.2. If this functional equation holds for all linear transformations f whose matrices are symmetric, does | - ||
derive from an inner product?

3. Preliminaries
3.1. On some properties of the norm

A normed space (X, || - ||) is said to be smooth at the point x, € X \ {0}, if there is a unique x* € X* such that x*(x,) = ||x,||
and ||x*|| = 1. Now we will give a characterization of smoothness at a point in terms of the norm derivatives (see [2,1]).
Theorem 3.1. Let (X, || - ||) be a real normed space and let x, € X \ {0}. Then, the following statements are equivalent:

(1) X is smooth at the point x,;
(2) the norm is Gateaux differentiable at x,;
(3) Yyex p_ (%0, y) = p (X0, ¥);
(4) the functional p/, (x,, -) is linear;
(5) the functional p’ (x,, -) is linear;
(6) X is smooth at the point —x,,.
Now, we consider a set
Dsn(X) := {x € X : X is smooth at x} U {0}.

Throughout this paper, we will often assume that the set Dy, (X) is dense. We will show that the separable Banach space
has this property.
The following theorem of Mazur (see [4] or [5, p. 12]) will be useful for further considerations.

Theorem 3.2. Let (X, || - ||) be a separable Banach space and f: D — R be a continuous convex function on an open convex
subset D of X. Then there exists a dense G5 set G C D such that f is Gateaux differentiable on G.

Clearly the norm || - ||: X — R is convex. Therefore, applying the Theorem of Mazur and Theorem 3.1, we get:

Theorem 3.3. Let (X, || - ||) be a separable real Banach space. Then Dy, (X) is dense.
In this paper, a set E C X* is called a total set, if
Vex\(oyTpek : 9(x) # 0,
or equivalently, if
Veex  [(Yoerp(®) =0) = x =0].

Let us denote the set {,ojr (x,:) € X* : x € Dy (X)} by X3.. The following lemma will be useful in the proof of the main result.
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