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a b s t r a c t

In this paper we explore the classical solutions to the conservation law with degenerate
diffusion term (ut − ∆x′u = div f (u), x ∈ Ω ⊂ Rn, t > 0, with x = (x1, x′)). We
establish the global existence and exponential decay estimates to the solutions of the initial
boundary value problem in domainΩ = R×

n
i=2(0, Li). Meanwhile, to clarify the viscous

effect of the degenerate diffusion term, we also investigate the classical solutions to the
Cauchy problem of the modified equation ut −∆x′u = (1−χ(D))div f (u), x ∈ Rn, t > 0,
with χ(D) a Fourier multiplier operator, we use the frequency decomposition method to
establish the global existence and the polynomial decay estimates.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we study the global existence and decay estimates for solutions of the following conservation law with
degenerate diffusion:

ut − ∆x′u = div f (u), x ∈ Ω, t > 0, (1.1)

where f = f (u) is a given vector function of u ∈ R in the form of f = (f1, . . . , fn). Here each fi(u) = O(|u|1+θ ) is
sufficiently smooth and θ ≥ 1 is an integer. Hereafter, we also denote (f2(u), . . . , fn(u)) by g(u) for convenience, then
f (u) = (f1(u), g(u)).

Eq. (1.1) is a special case of the general degenerate parabolic–hyperbolic equation

ut + div f (u) − ∇ · (A(u)∇u) = 0, (t, x) ∈ [0, T ) × Rn, (1.2)

where f = (f1, . . . , fn) is a given vector-valued flux function, and A = (aij) is a given symmetric matrix-valued diffusion
function of the form

A(u) = σ(u)σ (u)⊤ ≥ 0,
σ (u) ∈ Rn×K , 1 ≤ K ≤ n.

(1.3)
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The nonnegativity requirement in (1.3) means that for all u ∈ R
n

i,j=1

aij(u)λiλj ≥ 0, ∀λ = (λ1, . . . , λn) ∈ Rn.

When σ takes the form

σ(u) = ν(u)I

for some scalar function ν(u), (1.3) is called isotropic, otherwise it is called anisotropic. A special case of the anisotropic is
quasi-isotropic with a diagonal diffusion matrix: aij = 0 for i ≠ j.

Eq. (1.2) models many physical phenomena, such as two phase flows in a porousmedium (cf. [1] and the references cited
therein), and the sedimentation-consolidation process (cf. [2] and reference cited therein). There are two extremal cases of
(1.2), one is the hyperbolic scalar conservation law

ut = div f (u) (1.4)

when the diffusion is fully degenerate. It is well known that the solution will blow up in finite time [3]. The other one is the
following scalar conservation law with non-degenerate viscosity

ut − 1u = div f (u), (1.5)

about which there are many results on the existence and stability. For the case of small perturbation, Kawashima and
Matsumura [4] obtained that the solution of (1.5) approaches the traveling wave solution at the rate t−γ (for some γ > 0)
as t → ∞ in one-dimensional space. Goodman [5] proved nonlinear stability in L2 of planar shock front solutions for
Eq. (1.5) in two or more space dimensions. Goodman and Miller [6] investigated nonlinear stability in L1 of planar shock
front solutions to a viscous conservation law in two spatial dimensions and obtained an expression for the asymptotic form
of small perturbations. For the case of large perturbation, Kotlow [7] studied the existence of the solution for Eq. (1.5) in 1971.
Deng and Wang [8] obtained the pointwise estimate of large perturbation around viscous shock for (1.5) in one dimension
by full use of decaying properties of solutions and the weighted energy method.

As for Eq. (1.2), because of the degeneracy of the diffusion, people are focused on the study of discontinuous solutions.
There are many different kinds of solution definitions and corresponding results in these solution classes such as weak
solutions, entropy solutions, renormalized solutions, dissipative solution, and kinetic solutions (see [9–20], and the
references cited therein). However no reference on the well-posedness of smooth solutions can be found so far.

Eq. (1.1) is actually quasi-isotropic with the diffusion matrix A(u) = diag{0, 1, . . . , 1} which is degenerate in the x1
direction. The main difficulty of this equation is that there are no viscous effect in the x1 direction, so the commonly
used methods in the parabolic equation or even in the hyperbolic–parabolic equation cannot be used here. In our opinion,
solutions of this equation will generally blow up in finite time, the existence of the global solution to the Cauchy problem
in Rn with even small initial data is still an open problem, we cannot find a good approach to deal with it. However, for an
initial boundary value problem in Ω = R × U where U =

n
i=2(0, Li) with the following data

u(x, 0) = u0(x), (1.6)
u(x, t)|∂U = 0, (1.7)

we can get the global classical solution when initial perturbation is small. This is because we have a Poincaré-like inequality
in this case due to the boundedness of the domain along the x′ direction and the homogeneous boundary conditions. Thanks
to this inequality, the diffusion term ∆x′u in the x′ direction can work as a damping term in the x1 direction to a certain
extent.

On the other hand, we still have a Poincaré-like inequality for high frequency case and thus the diffusion ∆x′u can still
work as a damping term in the x1 direction no matter whether the domain is bounded or unbounded. That is to say, for the
Cauchy problem, if the low frequency part does not appear in the nonlinear term, we can still have a damping effect by the
Poincaré-like inequality and then obtain the global classical solution with small perturbation. Tomake this point clearer, we
consider the Cauchy problem of the following artificially modified equation

ut − ∆x′u = (1 − χ(D))div f (u), x ∈ Rn, t > 0, (1.8)

where f (·) = (f1(·), g(·)) is the same as that in (1.1). Here the nonlinear term is affected by a nonlocal operator 1 − χ(D).
χ(D) is a Fourier multiplier operator with the symbol

χ(ξ) =


1,

ξ ′
 ≤ η,

0,
ξ ′

 > η,
(1.9)

which is a cut-off function for some fixed constant η > 0. From the point of view of frequency space, the effect of the
nonlocal operator is to cut off the low frequency part of div f (u), namely, the low frequency wave has no nonlinear effect,
which shares the same mechanism as the fact that operator ∆x′ has the smallest positive eigenvalue.
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