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1. Introduction

In this paper we mainly study the interior Holder regularity of the gradients of weak solutions for the following elliptic
p(x)-Laplacian equation

div <(AVu V) "5 AVu) = div (IfP92f) in 2, (1.1)
where £2 is an open bounded domainin R”, f = (f1, ..., f") is a given vector fieldand A = {a;} is a symmetric matrix with
measurable coefficients satisfying

1<y = igfp(X) < supp(x) =y, < 00, (1.2)

2

ATEP < AE -§ < Al5P? (13)
and

pX) € CRM(R2),  fl®) e () and a;(x) € CO™ () (1.4)

forany &,x € R"and 1 <i,j < n, where 1, a2, a3, A > 0 are positive constants.
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When p(x) is a constant, many authors [ 1-7] studied the regularity for weak solutions of quasilinear elliptic equations of
p-Laplacian type. When p(x) is not a constant, such elliptic problems (1.1) appear in mathematical models of various physical
phenomena, such as the electro-rheological fluids (see, e.g., [8-10]). Especially when A = [ and f = 0, (1.1) is reduced to
the p(x)-Laplacian elliptic equation

div (|VulPY2Vu) =0 in£2, (1.5)

which can be derived from the variational problem
1
®(u) = min ®(v) = min / —— | Vu|P¥dx.
vlge=¢p vae=¢ Jo p(X)

There have been many investigations [11-13] on Hoélder estimates for the p(x)-Laplacian elliptic equation (1.5). Recently,
Challal and Lyaghfouri [14] obtained the local L estimates of | Vu|P® for the weak solutions of (1.5). Moreover, Acerbi and
Mingione [15] have proved that

P e [ (2) = |[VulP® e Ll (£2) foranyq> 1

loc loc

for weak solutions of (1.1) under some assumptions on p(x).
We denote by [?® (£2) the variable exponent Lebesgue-Sobolev spaces

PY(R) = {f : 2 — R | f is measurable and / IfIP® dx < oo} (1.6)
2
with the Luxemburg type norm
) f p()
If ll1po () = inf :A >0: /Q 5 dx < 1} . (1.7)
Furthermore, we define

WP (2) = {u e I’'™(2) : |Vu| € I'¥(2)} (1.8)
with the norm

lullwiew 2y = lullpe 2y + 1 VUllpe 0)- (1.9)

By W, P (22) we denote the closure of CJ°(£2) in W™ (). Actually, the [’® (£2), W'-P®) (22) and W, ** (2) spaces
are Banach spaces. There have been many investigations (see for example [ 16-21]) on properties of such variable exponent
Sobolev spaces.

As usual, the solutions of (1.1) are taken in a weak sense. We now state the definition of weak solutions.

Definition 1.1. Assume that f € % (). A function u € W)™ () is a local weak solution of (1.1) in £ if for any
@ € W™ (), we have

px)—2

/ (AVu-Vu) 7 AVu-Vedx = / [fPY2f. Vo dx.
2 2

Now let us state the main result of this work.

Theorem 1.2. If u is a local weak solution of problem (1.1) under the assumptions (1.2)—(1.4), then Vu is locally Holder
continuous.

2. Proof of the main result
In this section we shall finish the proof of Theorem 1.2. We first recall the following reverse Holder inequality.

Lemma 2.1 (See [15, Lemma 5]). If uis a local weak solution of problem (1.1) under the assumptions (1.2)-(1.4), then there exist
positive constants oo, Ry < 1, C, depending on n, y1, v», A, such that

140
][ |vu|P(X)(1+<7) dx < C ( |Vu|p(x) dX) +C (][ 1+ |f|p(x)(l+cr) dx)
Br/2 B B

holds forany R < Ry and o < oy,.
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