
Nonlinear Analysis 78 (2013) 130–140

Contents lists available at SciVerse ScienceDirect

Nonlinear Analysis

journal homepage: www.elsevier.com/locate/na

Potential operators in generalized Hölder spaces on sets in quasi-metric
measure spaces without the cancellation property
Stefan G. Samko ∗

University of Algarve, Faro, Portugal
CEAF, Instituto Superior Técnico, Lisbon, Portugal
Federal Southern University, Rostov-na-Donu, Russia

a r t i c l e i n f o

Article history:
Received 29 February 2012
Accepted 28 September 2012
Communicated by Enzo Mitidieri

MSC:
primary 46E15
secondary 42B35

Keywords:
Potential operators
Quasimetric measure space
Growth condition
Hölder space
Generalized Hölder space

a b s t r a c t

We consider potential operators of order α over sets Ω in quasi-metric measure spaces
and study their mapping properties from the subspace Hλ

0 (Ω) of functions in Hölder space
Hλ(Ω) vanishing on the boundary ofΩ , into the spaceHλ+α(Ω), ifλ+α < 1. This is proved
in a more general setting of generalized Hölder spaces Hω(Ω) with a given dominant ω of
modulus of continuity. Statements of such a kind are known in the Euclidean case or in
the case of quasimetric measure spaces with the cancellation property. In the general case,
when the cancellation property fails, our proofs are based on a special treatment of the
potential of a constant function, which in general has a regularity near the boundary ∂Ω

of the type of the α-th power of the distance to ∂Ω . An application to the case of spatial
potentials over domains in Rn and potentials over spherical caps is given.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Mapping properties of potential operators within the frameworks of Hölder spaces are well studied in the general setting
of quasimetric measure spaces (X, ϱ, µ) under the assumption that X satisfies the so called cancellation property; see [1–4].
Thewell known examples of underlying spaces X with the cancellation property are thewhole spaceRn and the sphere Sn−1.
We also refer to various more precise specifications and/or generalizations of mapping properties of potential operators in
these two model cases presented in the papers [5–13].

In caseswhere the potential of a constant function on X iswell defined, the cancellation propertymeans that the potential
of a constant is constant. This property was also used in the recent paper [14], where there were admitted potentials of
variable order α(x) with possible degeneration: α(x) = 0 on a set of measure zero.

The cancellation property is very restrictive in applications: it fails for domains Ω in Rn. In the case of balls in Rn, for
instance, the potential of a constant is constant on the boundary, but is not constant in the ball.

In the Euclidean case for instance, statements of the type

IαΩ : Hλ(Ω) → Hλ+α(Ω), Ω ⊂ Rn,

for the potential operator

IαΩ f (x) :=


Ω

f (y) dy
|x − y|n−α
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may not be valid for domains, since the potential of a constant has regularity only of order α near the boundary: it behaves
in general like c1 + c2[δ(x)]α near the boundary, where δ(x) = δ(x, ∂Ω) is the distance to the boundary. However, one may
expect that there should be a valid statement

IαΩ : Hλ
0 (Ω) → Hλ+α(Ω) (1.1)

for the subspace Hλ
0 (Ω) of the Hölder space Hλ(Ω) of functions which vanish at the boundary. Such a mapping is known

in the one-dimensional case and goes back to Hardy and Littlewood; see for instance [6, Corollary 1 on p. 56]. A multi-
dimensional result of such a kind was recently proved in [15], where in particular the case of uniform domains (Jones
domains) was covered. In this paper we develop a similar approach within the framework of general quasimetric measure
spaces (X, ϱ, µ) with the growth condition on the measure. We show that a mapping of type (1.1) (and more generally, for
spaces of the type Hω(Ω)) holds for measurable bounded sets Ω in (X, ϱ, µ) satisfying the so called α-property. Roughly
speaking, we can state a result on mapping properties of the potential operator, if we know how the potential operator of
the constant, i.e.

JΩ,α(x) =


Ω

dµ(y)
ϱ(x, y)N−α

, x ∈ Ω, (1.2)

where N comes from the growth condition, behaves near the boundary of Ω .
We give the proof of results of such a type in intrinsic terms of the given setΩ ⊆ X . The proof in intrinsic terms allows us

to obtain information also about the behaviour of potentials near the boundary ∂Ω in the cases where f (x) does not vanish
at the boundary.

Note that this way was also used in [15] in the case of domains in Rn and Lebesgue measure, although in this case it is
possible to derive just a result of type (1.1) from the estimates of the modulus of continuity of potentials over Rn, obtained
in [7], since a function f ∈ Hλ

0 (Ω) may be extended as identical zero outside Ω , which preserves the Hölder behaviour of
f . This way was preferred in [15] because it provides information near the boundary, and a derivation of statements even
of type (1.1) from [15] is rather artificial: the results in Rn in [15] were proved in its turn not directly, but by reducing the
problem to the case of the unit sphere via the stereographic projection and usage of Fourier–Laplace analysis on the sphere.

The paper is organized as follows. In Section 2we provide necessary preliminaries related to quasimetric measure spaces
(X, ϱ, µ). In Section 3 we study the function JΩ,α(x), where the main technical statement is Lemma 3.1, and give examples
illustrating the behaviour of JΩ,α(x) near the boundary. In Section 4 we extend the notion of the α-property, introduced
in [15] in the Euclidean case, to the general setting. Section 5 contains the main result on the mapping properties. Section 6
contains two applications. The first is related to the case of domains in Rn, where we improve a result from [15] by showing
that an arbitrary domain in Rn satisfies the α-property, introduced in [15]. The second concerns spherical potentials over a
spherical cap on the unit sphere Sn in Rn+1, which is inspired by applications studied in [16]. The final Appendix (Appendix)
contains some estimates for the case of spherical potentials on a semisphere.

2. Preliminaries on metric measure spaces

Given a set X , a function ϱ : X ×X → [0, ∞) is called quasimetric, if it satisfies the usual metric axioms with the triangle
inequality replaced by the quasi-triangle inequality

ϱ(x, y) ≤ K [ϱ(x, z) + ϱ(z, y)], K ≥ 1 (2.1)

where x, y, z ∈ X . We assume that ϱ(x, y) = ϱ(y, x). Let µ be a positive measure on the σ -algebra of subsets of X which
contains the d-balls B(x, r). Everywhere in the sequel we suppose that all the balls have finite measure for all x ∈ X and
r > 0 and that the space of compactly supported continuous functions is dense in L1(X, µ).

We assume that X is closed with respect to the metric ϱ, i.e. every fundamental sequence in X has a limit in X . The
boundary δ(Ω) of an open set Ω in X is interpreted in the usual sense, i.e. as the set of all the points in X , which are limiting
points for Ω , but are not inner points of Ω . We always assume that µ(∂Ω) = 0.

Let

δF (x) = inf
y∈F

ϱ(x, y)

denote the distance of a point x from the set F ⊆ X . By

δ(x) = δ(x, ∂Ω) := inf
y∈∂Ω

ϱ(x, y)

we denote the distance of x to the boundary.
We say that the measure µ satisfies the growth condition equivalently called the upper Ahlfors N-regular, if

µB(x, r) ≤ crN , (2.2)

where N > 0 and c > 0 does not depend on x and r .
In this paper we do not assume the measure µ to be doubling, but base ourselves on the growth condition (2.2).
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