Nonlinear Analysis 75 (2012) 3443-3455

Contents lists available at SciVerse ScienceDirect

Nonlinear Analysis

journal homepage: www.elsevier.com/locate/na —

Singular limit and exact decay rate of a nonlinear elliptic equation
Shu-Yu Hsu

Department of Mathematics, National Chung Cheng University, 168 University Road, Min-Hsiung, Chia-Yi 621, Taiwan, ROC

ARTICLE INFO ABSTRACT
Article history: Foranyn > 3,0 < m < (n— 2)/n,and constants n > 0,8 > 0, < f(n — 2)/m, we
Received 22 July 2011 prove the existence of radially symmetric solution of ”miAvm +av+Bx-Vv=0,v>0,
Accepted_lO]anuary 2012 inR", v(0) = n, without using the phase plane method. When0 < m < (n —2)/n,n > 3,
Communicated by S. Ahmad P Ix[2vx)1-m 2(n—1)(n—2—nm) :

we prove that v satisfies limy— oo g = B ifa =28/(1 —m) > 0and
Keywords: limy— o0 [x|*/Pv(x) = A for some constant A > 0if 28/(1 — m) > max(«, 0). For 8 > 0
Existence of solution or a = 0, we prove that the radially symmetric solution v™ of the above elliptic equation
Nonlinear elliptic equations converges uniformly on every compact subset of R" to the solution of an elliptic equation

Singular limit
Exact decay rate
Yamabe flow

asm — 0.
© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Recently there is a lot of interest in the following singular diffusion equation [1-3],

n—1

U = Au™ inR" x (0,T) (1.1)

m
which arises in the study of many physical models. When 0 < m < 1, (1.1) is called the fast diffusion equation. When
m — 0, after a rescaling (1.1) becomes

u; = Alogu inR" x (0, T). (1.2)

For

n
O<m<——, n>3, (1.3)
n

asymptotic behaviour of the solution of (1.1) near finite extinction time is studied by Galaktionov and Peletier [4], and
Daskalopoulos and Sesum [5]. Extinction profile for solutions of (1.1) for the case m = (n — 2)/n is studied in [6] by del Pino
and Sédez. Behaviour of solutions near extinction time for the solution of (1.2) is studied by Daskalopoulos and del Pino [7].
Interested reader can read the book [2] by Daskalopoulos and Kenig and the book [8] by Vazquez for the most recent results
on (1.1).

Foranyn € Z*,n > 3,0 <m < 1, > 0, suppose v is the solution of

n—1

A" +av+Bx-Vv=0, v>0, inR"
(1.4)

v(0) = n.
Then as observed by Gilding and Peletier [9] and others [8,10,11], the function
ui(x, t) = t v (xt ™)
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is a solution of (1.1) in R" x (0, 0o) if
28 — 1
o =
1—m
and for any T > 0 the function
(X, £) = (T = % ((T — 1))
is a solution of (1.1) in R™ x (0, T) if
2 1
o= Pt >0 (1.6)
1—m
and the function

us(x, t) = e % v(xe Ph)

(1.5)

is an eternal solution of (1.1) in R" x (—o0, 00) if
_ 2P
T1-m

On the other hand Daskalopoulos and Sesum [ 10] proved that a locally conformally flat gradient Yamabe soliton with positive

(1.7)

4
sectional curvature must be radially symmetric and the metric g = v ™2 dx? satisfies (1.4) or

n—1 mey =1 ,
— "'+ ——O@") )+ av+prv =0, v>0, (1.8)
m T
in (0, c0) and
v(0) =17
{v/(O) =0 (1.9)
for some constant > 0 where dx? is the standard metric on R" withm = (n — 2)/(n + 2),n > 3, and
2
oo 2Bt (1.10)
1—m

for some constants 8 > 0, «, and p; where p; = 0 if g is a Yamabe steady soliton, p; < 0 if g; is a Yamabe expander
soliton, and p; > 0if g; is a Yamabe shrinker soliton.

Since the asymptotic behaviour of the solutions of (1.1) is usually similar to either the functions uy, u, or us, it is important
to study the solutions of (1.4) in order to understand the behaviour of solutions of (1.1) and the locally conformally flat
gradient Yamabe solitons. The existence and uniqueness of radially symmetric solution of (1.4) for «, 8, satisfying (1.3) and
(1.6) is proved by Peletier, Zhang [12] and King [ 13] using the phase plane method (cf. Proposition 7.4 of [8]). The existence
of radially symmetric solution of (1.4) for «, 8 > 0, satisfying (1.3) and (1.5) is proved in p. 22 of [10]. A sketch of the proof
of the existence of the radially symmetric solution of (1.4) form = (n — 2)/(n + 2),n > 3,and «, B > 0, satisfying (1.7) is
given in pp. 22-23 of [10]. This existence result is also noted without proof in [14].

In [10] Daskalopoulos and Sesum also proved that if m = (n — 2)/(n + 2),n > 6 and «, 8 > 0, satisfy (1.7), then the
radially symmetric solution of (1.4) satisfies

log |x| 1—m log |x|
< v(x <C
T =W E0T
for some constants C; > C; > 0.
In this paper, we will extend the result of [ 10] and prove the following theorem.

C

as x| = oo (1.11)

Theorem 1.1. Let n > O and let o, B € R, n, m, satisfy

n—2
0<m< , n>3, (1.12)
n

and

_Bm-2)
m

and B > 0. (1.13)
Then there exists a unique solution v of (1.8) and (1.9), in (0, co). Moreover for « # 0, k = 8/, the function

wi (r) = rPv(rn)* (1.14)

satisfies w’ (r) > 0 forallr > 0.
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