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N
i@ = / V=Y {lwe o)’ w0 — u 0) e ¢) we (0} dy,
R7 k=1

where V (x) = A|x|”! (A €R) is called a Coulomb potential. We show that if % <
6 < «, then the modified scattering operator for the system (HRF) is well-defined from
a neighborhood at the origin in the space H>“ to a neighborhood at the origin in the space

k
H%3, where HO* = iqﬁ el%: (1+1x%)% ¢ € L?}.
© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we study the scattering problem for the nonlinear Schrédinger equation with nonlocal interaction:

1
iBtu—i—EAu:f(u), (t,x) € R x R, (1.1)
where space dimension is n > 2, A denotes the Laplace operatorinx, u = (us, ..., uy)" isa C¥ (N > 2)-valued unknown
function of (t, x) and f (u) denotes a nonlinear term. The j-th element of f (u) = (f; (1), ..., fy (u))" is defined by
N
f = [ VoY 0Py 0 - 0w o) d. (12)
RY k=1

where V (x) is called a Coulomb potential given by

V) =xrlxI"", (xeR"\{0}) (1.3)

and A is a non-zero real constant. The system (1.1) is called a time-dependent Hartree-Fock equation and appears in the
quantum mechanics as an approximation to a Fermionic N-body system. Our aim is to show existence of the modified
scattering operator for the system (1.1). To do so, we will improve domain and range of a modified wave operator obtained
in Wada [1]. As for a modified inverse wave operator, we will use results obtained by Wada [1].
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We introduce an N x N matrix F (u, v) = {Fij (u, v)} whose (i, j)-element is defined by

1=<ij=<N

N
Fj (u,v) =V % { (Z ukﬁk> 8 — u,-f)j} , (1.4)
k=1

where “*” denotes the convolution for space variables, §; is Kronecker’s delta i.e. ; = 1, 8; = 0 (i # j). Furthermore we
definean N x N matrix F (u) = F (u, u) and then we can express nonlinear term f (u) as

f@ =Fu.
We note that F (u) is an N-dimensional Hermitian matrix.
F ¢ or ¢ denotes the Fourier transform of ¢ defined by

1 )
F (€)= - / e ¥ (x) dx,
(2m)2 Jrr

and the inverse Fourier transformation & ~! is given by

-1 _ 1 ix-&
Fox) = T | € ¢ (§)ds.
RTI

(2m)2
For m, k € R, we introduce the weighted Sobolev spaces:

k/2

H = [ € 8" (R) 1 Ipllne = [ (14 12) 2 (1= )2

< o).

L2

Let uy be a given final state. A = A (t, &) isan N x N matrix-valued function and the solution of the Cauchy problem
iA=t""F(Al4)A, t>1,£€R (1.5)
A1) =Iy, E€R, (1.6)

where Iy is the N x N unit matrix.
Our purpose can be formulated as follows. We assume that the final data

1
u, € H* with5<ﬂ<a<l

and the norm ||t || yo.« is sufficiently small. Then we will find a unique global solutionu € C ([O, 00) ; Ho’ﬁ) of (1.1) satisfying

lim u(t)—(ir)*%e%A(r §)a (ﬁ) —0, inH® (1.7)
t5>+00 e P\ ) T '

with % < § < B.This means that the modified wave operator for the system (1.1) is well-defined from a neighborhood at
the origin in the space H*“ to a neighborhood at the origin in the space H*#.

2. Several notations

Next we introduce several notations used in this paper.
For CN-valued functions, we denote the norm and the scalar product in CV by |-|ev and (-, )¢y respectively. For a -

valued measurable function ¢ = (¢;, ..., ¢y) onR*and 1 < p < 0o, ¢ € L” means that ¢jelPforj=1,...,N whichis
equivalent to |¢|cv € LP. Its norm is defined by

Il = (16 Olen |, -
For CV-valued measurable functions ¢ = (¢1, ..., ¢y)  and ¥ = (Y1, ..., ¥n)" on R, their L2-scalar product is defined by

N

@ Yz = / (@), ¥ v dx =Y (¢, V), -
R" —
=1
For matrix-valued functions, we introduce the following notations and function spaces. We denote by My the set of N x N
matrices with complex elements. For A = (af-’<)1§j <y € Mu, |Aly, denotes the operator norm of Ain CV, that is

|Au|en

|Almy = sup .
lulen#0 Ul
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