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1. Introduction

In this paper, we are concerned with the existence and nonexistence of positive solutions for the singular p-Laplacian
equation:

[6s)] —hE, WP +f(t,uu)=0, 0<t<T, (1.1)
with either the Dirichlet boundary conditions

u(1) =u(0) =0, (1.2)
or the periodic boundary conditions

u'(1) = u'(0) = u(1) =u(0) =0, (1.3)

where ¢,(s) = |s|P~?s with p > 1, h(t, z) is nonnegative and continuous in [0, 1] x (R \ {0}) and may be singular atz = 0,
and f (t, z, r) is nonnegative and continuous on [0, 1] x R x R. The model equation is

[8@)] — A'i# +f(t,u,u)y=0, 0<t<1, (1.4)

where A, m > 0.
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Besides singularity, another main feature of (1.1) is that the lower term has p-growth with respect to the first order
derivative.
Eq. (1.4) is strongly connected to the degenerate parabolic equation

U = u[¢p(”x)]x — Muyl?, (1.5)

where A > 0 is a constant, which appears in the investigation of groundwater flow in a water-absorbing fissurized porous
rock and non-Newtonian filtration [ 1-4]. Indeed, if the solution u of (1.5) is of the form u = ¢t~/®~Dy(x) with w > 0, then
w must satisfy (in some sense)

|w'|P 1

[fp(w)] = A— + —— =0,
w p—
The existence of positive solutions for (1.4) with different boundary conditions has recently been studied in [2,5-8].In [2,5,6],
the equations considered may have time singularities. In the present paper, we extend some existence results in [5,7,8]
and obtain some sufficient conditions on the nonexistence of positive solutions. As by-products of our main results, we
prove, under some auxiliary assumptions on f, that the condition m < p is necessary and sufficient for the existence of
positive solutions to problem (1.4)-(1.2), and the condition 1 < m < p is necessary and sufficient for the existence of
positive solutions to problem (1.4)-(1.3). Our arguments on the existence are based on regularization technique, while in
the arguments on the nonexistence, Gronwall’s inequality, embedding inequality and a scaling technique will play important
roles.
In the case where h = 0, (1.1) becomes

[pp)] +f(t,u,u) =0, 0<t<1. (16)

Recently, problem (1.6)-(1.2) have been studied extensively, see for example [9-27], in which f(t, z, r) may change sign
and be singular att = 0,t = 1and z = 0. Some basic results were obtained in those papers. We point out that because
the singularity at u = 0 and the p-growth with respect to u’ as a whole appear in (1.1), it is not in considerations of those
papers.

By a solution u of problem (1.1)-(1.2) we mean that u € %, where

# = {w e C'[0,1]; w > 0in (0, 1), ¢,(w) € C'(0, 1)},

and u satisfies (1.1) and (1.2). If u is a solution problem (1.1)-(1.2) and satisfies (1.3), then we call it is a solution for problem
(1.1)-(1.3).

To study the existence and nonexistence of solutions, we impose some additional conditions on h and f.

We first study the existence of solutions. For h, we suppose that

0<h(t,z) <g(z), Vtel0,1], ¥z> 0, (1.7)

where g : (0, +00) — [0, +00) is continuous in (0, +00) and differentiable in (0, &) for some £ > 0, such that

g < 0in (0, &), lim+g(s) = +o00, (1.8)
s—0
1
lim / [g(2)]"Pdz < +o0. (1.9)
s—0t Jg
For f, we suppose that there exist constants 8 > « > 0, ¥ > 0 such that
a<f(t,z,r) < B+ y|rlP7l, Y(t, z,1) €0, 1] x [0, +00) x R. (1.10)
We obtain

Theorem 1.1. Let (1.7)-(1.10) be satisfied. Then there exists a solution for problem (1.1)-(1.2).

Theorem 1.2. Let h(t,z) = g(z) satisfy (1.8) and (1.9), and suppose (1.10) holds. Then there exists a solution for problem
(1.1)~(1.3) if and only if lim_¢+ [.' g(z)dz = +o0.

Remark 1.1. Some examples of the functions satisfying (1.8)-(1.9) are:

) g(z) = A/z",where A > 0and0 < m < p;
) g(z) = (In2)*;

) 8(@2) =1/(e* = 1);

)

4) g(z) = (n2)?if0 <z < €;8() = (In€)?ifz > €, where € > 0.
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