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a b s t r a c t

In this paper, we study the existence of periodic solutions of Rayleigh equations

x′′
+ f (t, x′) + g(x) = e(t),

where f : R2
→ R is continuous and T -periodic with respect to the first variable, g, e :

R → R are continuous and e is T -periodic. We prove that the given equation possesses at
least one T -periodic solution provided that either

lim sup
c→+∞

τ(c) + lim inf
c→−∞

τ(c) > T

or

lim inf
c→+∞

τ(c) + lim sup
c→−∞

τ(c) > T

is satisfied, where τ is the time-map defined in Section 1.
© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we are concerned with the existence of periodic solutions of Rayleigh equations

x′′
+ f (t, x′) + g(x) = e(t), (1.1)

where f : R2
→ R, g, e : R → R are continuous and f is T -periodic with respect to the first variable, e is T -periodic.

Eq. (1.1) has wide applications in physics, mechanics, engineering and so on. The dynamical behaviors of Eq. (1.1) have
been extensively investigated (see [1–9] and the references therein).

In the case when f ≡ 0, Eq. (1.1) is a conservative system

x′′
+ g(x) = p(t). (1.2)

It iswell known that the time-mapplays an important role in studying the existence of periodic solutions of Eq. (1.2) [10–14].
Assume that g satisfies the following condition,

(g) lim
|x|→+∞

sgn(x)g(x) = +∞.

Set

τ(c) =
√
2
 c

0

ds
√
G(c) − G(s)

 .
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The function τ is usually called the time-map related to the autonomous equation x′′
+ g(x) = 0. Let us define

τ+
= lim sup

c→+∞

τ(c); τ+ = lim inf
c→+∞

τ(c),

and

τ−
= lim sup

c→−∞

τ(c); τ− = lim inf
c→−∞

τ(c).

By using the asymptotic property of time-map τ , Opial [10] obtained the following result.

Theorem A. Assume that condition (g) holds and

τ+ + τ− > T .

Then Eq. (1.2) has at least one T-periodic solution.

Theorem A was generalized by Fonda and Zanolin [12]. They proved the following theorem.

Theorem B. Assume that condition (g) holds and either

τ+
+ τ− > T

or

τ+ + τ− > T

is satisfied. Then Eq. (1.2) has at least one T-periodic solution.

When f ≢ 0, the periodic problem of Eq. (1.1) is widely studied by using various methods such as topological degree,
phase-plane analysis, continuation theorems and fixed point theorems. Assume that g satisfies the condition

(g′) sgn(x)g(x) > sup{|f (t, 0)| + |e(t)| : t ∈ R}, |x| ≥ d,

where d is a positive constant, and the primitive G (G(x) =
 x
0 g(s)ds) of g satisfies the condition

(G) lim inf
x→+∞

2G(x)
x2

<
π

T

2
.

Moreover, f satisfies the sublinear condition

(f) lim
|y|→+∞

f (t, y)
y

= 0

uniformly for t ∈ [0, T ]. When conditions (g
′

), (G) and (f) hold, it was proved in [5] that Eq. (1.1) has at least one T -periodic
solution.

In the present paper, we shall study the existence of periodic solutions of Eq. (1.1) by using the time-map τ defined above.
We are able to prove the following result.

Theorem C. Assume that conditions (g), (f) hold and either

τ+
+ τ− > T

or

τ+ + τ− > T

is satisfied. Then Eq. (1.1) has at least one T-periodic solution.

2. A continuation theorem

In order to dealwith the existence of periodic solutions of Eq. (1.1),we shall introduce a continuation theorem for Rayleigh
equations given in [5]. To this end, we consider the equivalent system of Eq. (1.1),

x′
= y, y′

= −(g(x) + f (t, y) − e(t)). (2.1)

Now, we embed system (2.1) into a family of equations with one parameter λ ∈ [0, 1],

x′
= λy, y′

= −λ(g(x) + f (t, λy) − e(t)). (2.2)
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