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ARTICLE INFO ABSTRACT

) The aim of this note is to give an alternative proof for a recent result due to Dorsch et al.,
Communicated by Enzo Mitidieri which provides an upper estimate for the Clarke subdifferential of an infimal value function.
We show the validity of this result under a weaker condition than the one assumed

{4\/5135]?2 in the aforementioned paper, while the use of the Mordukhovich subdifferential, as an
90026 intermediate step, will considerably shorten its proof.
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1. Motivation and preliminary results

The setting that we work within in this article, which is in fact the one considered in [1], is the following. Let g, ..., & :
R" x R™ — R be real-valued and continuously differentiable functions and ¢ : R" — R U {—o0} be defined as

o(x) .= inf max gi(x,y).
YERM 0<k<s
The topological structure of the upper-level set
M™ = {x € R" : p(x) > 0}

of the infimal value function ¢ is of particular interest in the study of generalized semi-infinite optimization problems (cf. [2]).
Further, let us have

o :R"xR" - R,o(x,y) = max g(x,y),
0<k<s

the set-valued operator
M :R" = R™, Mx)={yeR":0(x,y) = p(X)}
and for all (x, y) € R" x R™ the following set of indices:
Kx,y) ={kef0,...,s}:gkx,y)=0k,y)}.

For (x,y) € R" x R™ we consider (cf. [2]) the convex and compact set
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Here, for a function g : R" x R™ — R, Dyg and D, g denote the gradients of g with respect to the variables x, respectively, y.
Further, let us have

VIR'=SRT, V= | V).
YEM (x)

The following condition was introduced in [1].

Compactness Condition CC. One says that Compactness Condition CC is fulfilled if for all sequences (xi, yx)keny € R" x R™
with
o X —>xcR"(k— 00)
e ceithero(xy,yx) > a(k — oc0) and a < ¢(x)
or o(xg, yx) = —oo (k > o0)

the sequence (yi)ren CONtains a convergent subsequence.

One of the main results of [1] is represented by the following upper estimate for the Clarke subdifferential of the function
®.

Theorem 1. Let Compactness Condition CC be fulfilled and let X € R". Then it holds that

3p(X) C conv V(). (M)

In the above result, 3¢ (X) denotes the Clarke subdifferential of ¢ at X, while conv V (%) is the convex hull of the set V (%).
The proof given in [ 1] for this result is quite involved and makes use of some characterizations of the Clarke subdifferential
from [3]. We will give in this note an alternative proof for the above inclusion under a weaker assumption than Compactness
Condition CC, by using as an intermediate tool the Mordukhovich subdifferential. This proof will allow us to point out what are
the difficulties one has to face when trying to discuss the situation when the inclusion in Theorem 1 becomes an equality.
The condition which will turn out to be sufficient for (1) was given in [1], too, and has the following formulation.

Condition C*. One says that Condition C* is fulfilled if

(C1) for all x € R" and sequences (YVi)ren S R™ with o (x,yx) — @(x)(k — 00) there exists a convergent subsequence of
(yk)keN and

(C2) the mapping x = M (x) is locally bounded, i.e., for all x € R" there exists an open neighborhood Uy C R" of X such that
Uxeu,; M (x) is bounded.

According to [1, Lemma 2.1], Condition C* guarantees the following local description of ¢: for every X € R" there exists
an open neighborhood Uz € R" of X and a compact set W € R™ such that

o) = JI,I;}Allla(x,y) Vx € Us. @)

As proved in [1], Condition C* is implied by Compactness Condition CC and the two conditions are not equivalent.
However, according to [1], Condition C* is not stable with respect to C°-perturbations of the functions involved, which
is not the case for Compactness Condition CC. Nevertheless, for guaranteeing (1), one does not necessarily have to assume
that the latter is fulfilled, as we will prove in the next section. To this end, we need several notions and results, which we
introduce in the following.

Let f : R" — R U {400} be a given function with a nonempty effective domain domf := {x € R" : f(x) < 4o00}. The
epigraph of f is the set epif = {(x,r) € R" x R : f(x) < r}. We say that f is lower semicontinuous around X € domf if
there exists an open neighborhood Uy € R" of X such that f is lower semicontinuous at x for all x € U;. We say that f is
locally Lipschitzian around X € dom f if there exists an open neighborhood Uz € R" of X and a real number L > 0 such that
Ifx) —fWI < Llix —y| forallx, y € Us.

For ¢ > 0 the Fréchet e-subdifferential (or the analytic e-subdifferential) of f at x € domf is defined by

> *
P = {X* eX*:lim i%ff(er h) ||fh(? ok _8} ,

while for X ¢ dom f we set aff(@ := (. Further, off (x) := agf()_c) denotes the classical Fréchet subdifferential of f at x.



Download English Version:

https://daneshyari.com/en/article/840716

Download Persian Version:

https://daneshyari.com/article/840716

Daneshyari.com


https://daneshyari.com/en/article/840716
https://daneshyari.com/article/840716
https://daneshyari.com

