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1. Introduction

In this paper, we are concerned with the following quasilinear elliptic equations with a mixed nonlinear boundary
condition
—div(a()|VulP~2Vu) + |u|9%u = Ag(®)|u|"2u, in £, )
a(x)|VulP~29,u + b(x)|ulP2u=0, onds.

It is assumed that £2 is a smooth exterior domain in RV (N > 3), that is, £2 is the complement of a bounded domain with
C'% (0 < 8 < 1) boundary 92, v is the unit outer normal to 32, 1 < p < N, and A > 0 is a real parameter.

In recent years, existence, non-existence and multiplicity of solutions for problems involving the p-Laplace operator were
studied by several authors, in bounded domain, see e.g. [1-5], while in unbounded domains or the entire RV, see e.g. [6-11]
and the references therein. Problems of this type appear in many nonlinear diffusion problems, such as the mathematical
model of non-Newtonian fluid [12], the chemotactic aggregation model introduced by Keller and Segel [ 13]. As pointed out
in [14,15], certain stationary waves in nonlinear Klein-Gordon or Schrodinger equations can be reduced to this form. For
some physical motivation of such nonlinear boundary conditions, see [16]. From the point of view of mathematics, similar
problems with nonlinear boundary condition appear in the study of the optimal constants for the Sobolev trace embeddings.
Seee.g.[1,2,8,5].
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In this paper, the weight functions a, b and g satisfy the following assumptions:

(@) 0 < ap < a(x) € [®(2) N CO(Q);

(b) 0 < b(x) € C(3£2);

(g) 0 < g(x) € L*°(2) NIPo(2) withpy = p*/(p* —r) where 1 < r < p*, p* = NN—fp, and g is positive on a nonempty open
subset of £2.

It is clear that problem (P) possesses a trivial solution u = 0 for any A € R. We are interested in the existence and
multiplicity of weak solutions of (P).

By a weak nontrivial solution of (P), one means a nontrivial function u € X := E N L9(£2) verifying for all ¢ € X the
identity

/ a(x)|VulP~2VuVve dx—i—/ b(x)|ulP~u¢ do +/ [u]9%ug dx = A/ 2 |ul""ug dx (1.1)
2 982 2

2

where E is the completion of the restriction on §2 of functions of C§° (RM) with respect to the norm

Nl = (/ a0 Vul? dx+f boo)[ul? da)p,
2 082

and X is a reflexive Banach space endowed with the norm

1
lull = Clullg, + lullfao)?-

SetL'(£2;g) .= {u: £2 — R | uis Lebesgue measurable, fgg(x)|u|rdx < 00}. Under the assumptions (a),(b) and (g), we
.1

have the compact embedding X — L"(£2; g) forr € (1, p*), which will be stated in Section 2, so all integrals in (1.1) are
well-defined and converge. Define the functional J; : X — R by
1 1 1 A .
Jiw) = — | a@)|Vul’ dx + — b |ufPdo +— | |ulfdx—— | g®)|ul" dx. (1.2)
DJe D Jao aJe rJo
ThenJ, € C'(X, R) with its derivative
0.9 = [ il ?vuvg et [ bl up do
Q a2
+ / [ul9%u¢ dx — )\/ g()|ul""2u¢p dx, forallp € X. (1.3)
2 Q

Therefore the critical points of J, correspond to the weak solutions of (P).

The main feature of problem (P) is that the quasilinear differential operator is affected by a different perturbation which
behaves like |u|7~2u, where q € (1, p*). The relation of the power r with respect to the powers p and q affects the solvability
of (P). In fact, this relation produces different competition between the different growths of the nonlinearities, which plays
a crucial role in the study of geometrical feature of energy functional. In [17], the author studied (P) with Dirichlet boundary
condition for ¢ = p and proved that (P) has a weak positive solution. Recently, in an interesting paper [ 18], under the same
assumptions on a, b and g, thecasesp < r < q < p*andp < q < r < p* with suitable parameter A were treated and
the existence of a weak solution for (P) was obtained via minimizing methods and mountain pass arguments. Motivated by
the papers [18,17], we look for the existence of ground state and multiple solutions of (P) and related problem with more
general nonlinearity via minimax arguments. We note that a ground state is a nontrivial solution which has the least energy
among all the nontrivial solutions.

The purpose of this paper is two-fold. One purpose is to find multiple weak solutions to (P). Another purpose is to consider
the critical case of (P), that is, the right side nonlinearity grows with critical exponent. In this case, the compactness of the
embedding X < 7" (£2) fails, and it seems to be useless to impose hypothesis of (g) type for the critical term. To recover
some sort of compactness, in spirit of [ 19], we consider a perturbation of the critical power. Namely, we study the problem
—div(a(x)|VulP 2 Vu) + [u"%u = [ul” u + rg@)|ul "y, in L, ()
a(x)|VulP20,u + b)[ulP2u=0, onds

under the same assumptions on weight functions.
Now we state the main theorems in this paper. As to problem (P), we have the following results.

Theorem 1.1. Let 1 < q < p < r < p*. Then for each A > 0, problem (P) has a nonnegative ground state solution and infinitely
many solutions in X.

Theorem 1.2. Let p < q < r < p*. Foreach A > 0, (P) has a positive ground state solution and a sequence of solutions uy, in X
with J, (ug) — coask — oc.
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