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a b s t r a c t

Let X be a real reflexive separable locally uniformly convex Banach space with locally
uniformly convex dual space X∗. Let Q : H → X be a linear compact injection, according to
Browder and Ton, such that Q (H) = X, where H is a real separable Hilbert space. A degree
mapping d on X is constructed from the Nagumo degree dNA on H by

d(T + f ,G, 0) := lim
t→0

dNA


I +

1
t
Q ∗(Tt + f )Q ,Q−1G, 0


,

where G ⊂ X is open and bounded, Tt is the resolvent (T−1
+ tJ−1)−1 of a strongly

quasibounded maximal monotone operator T : X ⊃ D(T ) → 2X∗

with 0 ∈ T (0), and
f : G → X∗ is demicontinuous, bounded and of type (S+). A ‘‘range of sums’’ result is
also given, using the Skrypnik degree theory, in order to further exhibit the methodology
of ‘‘elliptic super-regularization’’.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction — preliminaries

Unless otherwise stated, the symbol X stands for a real reflexive locally uniformly convex Banach space with locally
uniformly convex dual space X∗. The symbols ‖ · ‖X and ‖ · ‖X∗ stand for the norms of X and X∗, respectively and J : X → X∗

is the normalized dualitymapping. The symbolH is reserved for a real separable Hilbert space. Inwhat follows, ‘‘continuous’’
means ‘‘strongly continuous’’ and the symbol ‘‘→’’ (‘‘⇀’’) means strong (weak) convergence. Also, ‘‘demicontinuous’’ means
strong-to-weak continuous. The symbol R(R+) stands for the set (−∞, ∞) ([0, ∞)) and the symbols ∂D,

◦

D,D, denote the
strong boundary, interior and closure of the setD, respectively.We denote by Br(0) the open ball of X , or X∗, orH with center
at zero and radius r > 0.

For an operator T : X → 2X∗

we denote by D(T ) the effective domain of T , i.e. D(T ) = {x ∈ X : Tx ≠ ∅}. We denote by
G(T ) the graph of T , i.e. G(T ) = {(x, y) : x ∈ D(T ), y ∈ Tx}. An operator T : X ⊃ D(T ) → 2X∗

is called ‘‘monotone’’ if for
every x, y ∈ D(T ) and every u ∈ Tx, v ∈ Tywe have

⟨ u − v, x − y⟩ ≥ 0.

Amonotone operator T is ‘‘maximal monotone’’ if G(T ) is maximal in X ×X∗,when X ×X∗ is partially ordered by inclusion.
In our setting, a monotone operator T is maximal if and only if R(T +λJ) = X∗ for all λ ∈ (0, ∞). If T is maximal monotone,
then the operator Tt ≡ (T−1

+tJ−1)−1
: X → X∗ is bounded, demicontinuous,maximalmonotone and such that Ttx ⇀ T {0}x
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as t → 0+ for every x ∈ D(T ), where T {0}x denotes the element y∗
∈ Tx ofminimumnorm, i.e. ‖T {0}x‖ = inf{‖y∗

‖ : y∗
∈ Tx}.

In our setting, this infimum is always attained and D(T {0}) = D(T ). Also, Ttx ∈ TJtx, where Jt ≡ I − tJ−1Tt : X → X and
satisfies limt→0 Jtx = x for all x ∈ coD(T ), where co A denotes the convex hull of the set A. In addition, x ∈ D(T ) and t0 > 0
imply limt→t0 Ttx = Tt0x. The operators Tt , Jt were introduced by Brézis, Crandall and Pazy in [1]. For their basic properties,
we refer the reader to [1] as well as Pascali and Sburlan [2, pp. 128–130]. In our setting, the duality mapping J is single
valued, injective, surjective and bicontinuous.

Unless otherwise stated, by ‘‘continuous’’ we mean strongly continuous. An operator T : X ⊃ D(T ) → X∗ is demicon-
tinuous at x0 in D(T ) if it is continuous from the strong topology of D(T ) to the weak topology of X∗. It is ‘‘bounded’’ if it
maps bounded subsets of D(T ) onto bounded sets. It is ‘‘compact’’ if it is continuous and maps bounded sets into relatively
compact sets.

Definition 1. Let G be an open subset of X . An operator C : G → X∗ is said to be of type (S+) if for every sequence {xn} ⊂ G
with xn ⇀ x0 in X , and

lim sup
n→∞

⟨ Cxn, xn − x0⟩ ≤ 0, (1)

we have xn → x0 ∈ G.

The purpose of this paper is to show that the Nagumo approach may be employed in order to establish the Browder
degree theory, for bounded demicontinuous (S+) perturbations f of strongly quasiboundedmaximal monotone operators T
(with 0 ∈ T (0)) in separable spaces X . The resulting degree mapping d(T + f ,G, 0), where G is an open and bounded subset
of X , is obtained via

d(T + f ,G, 0) := lim
t→0

dNA


I +

1
t
Q ∗(Tt + f )Q ,Q−1G, 0


, (2)

where dNA denotes the Nagumo degree for compact displacements of the identity in the Hilbert spaceH. This is amore direct
approach than the Ibrahimou–Kartsatos one in [3], where one considers the degree mapping

d(T + f ,G, 0) := lim
t→0

dLS


I +

1
t
QQ ∗(Tt + f ),G, 0


,

where dLS denotes the Leray–Schauder degree mapping for the space X .
The most interesting feature of our new degree theory approach in this paper is that the approximating Nagumo degree

mappings dNA are for the embedded Hilbert space H , but not for the Banach space X .
The reason for the development of a degree theory in the present setting is that one might be able to use the Nagumo

approach for the solvability of large classes of problems in Nonlinear Analysis by utilizing the compactness of the associated
approximating operators in the way that has already been used in the past in the classical results of bifurcation, etc., for
compact displacements of the identity. In addition to this fact, one might be able to solve, say, an existence problem in the
Banach space X which is already known to hold for an analogous associated problem in the underlying separable Hilbert
space H.

An application of elliptic super-regularization is also given involving ranges of sums of nonlinear operators via the use of
the Skrypnik degree theory (cf. [4,5]) for demicontinuous, bounded and (S+)mappings acting in the separable Hilbert space
H.

For degree theories related to the content of this paper, the reader is referred to [6–12,3,13–16,4,5]. For some papers on
degree theories and their applications to various problems in Nonlinear Analysis we cite [17–26]. For monotone operators
and associated basic results, we cite [27,1,7,28,2,29,30]. The following fundamental result is due to Browder and Ton [31].

Theorem 1. Let X be separable. Then there exists a real separable Hilbert space H and a linear compact injection Q : H → X
such that Q (H) = X .

We identify H with H∗ and let Q ∗
: X∗

→ H be the adjoint operator of Q . We observe that

⟨Q ∗(w∗), v⟩ = ⟨w∗,Q (v)⟩, (v, w∗) ∈ H × X∗.

The operator Q ∗ is also compact and, since Q (H) is dense in X , it is injective. In addition, since Q : H → X is continuous,
we conclude that Q−1(G) is closed in H and Q−1(G) is open in H , for any open set G ⊂ X . Moreover,

Q−1(G) ⊂ Q−1(G), and ∂(Q−1(G)) ⊂ Q−1(∂G). (3)

A proof of the following lemma may be found in [24, Lemma 3.1] (cf. also [32, proof of Lemma 2.7]).

Lemma 1. Let T : X ⊃ D(T ) → 2X∗

be a maximal monotone operator with 0 ∈ D(T ) and 0 ∈ T (0). Then the mapping
(t, x) → Ttx is continuous on (0, ∞) × X .
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