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1. Introduction

It has been a main aim, as regards differentiable dynamical systems, for the last few decades, to understand the influence
of a robust dynamic property on the behavior of the tangent map of the system. For instance, Mafié [3] proved that any
robustly transitive diffeomorphism f of a closed surface S is an Anosov diffeomorphism. To study this problem, some people
try to understand the influence of a robust dynamic property in systems with some shadowing properties, since these
shadowing properties are closely related to the stability of systems (see [1,2,4-7]).

In this paper, we introduce the notion of the C!-stably average shadowing property, and study the case where the ho-
moclinic class has the stably average shadowing property.

Let us pass to the main definitions and results. Let M be a closed C*° Riemannian manifold. Denote by d the distance on M
induced from a Riemannian metric || - || on the tangent bundle TM. Let Diff(M) be the space of diffeomorphisms of M endowed
with the C'-topology. Let f : M — M be a diffeomorphism. For § > 0, a sequence of points {x,-}f’:a (—o0o<a<b=<o0)in
M is called a §-pseudo-orbit of f if

d(f (%), xiy1) <8

foralla <i <b—1.Ford > Oasequence {x;}°__ in M is called a §-average pseudo-orbit of f € Diff(M) if there is a natural

number N = N(§) > Osuch thatforalln > N,and k € Z,

1 n
- D d(f (xig0), Xiskr1) < 8.
i=1
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It is easy to see that a §-pseudo-orbit is always a §-average pseudo-orbit. We say that f has the average shadowing
property or is average shadowable if for every € > 0 there isa § > 0 such that every §-average pseudo-orbit {x;}°___ is
e-shadowed in average by some z € M, that is,

1< :
li - d(f'(2), x; .
1msupn; f'@),x) <€

n—oo

Let A C M be a closed f-invariant set. We say that f|, has the average shadowing property if for every ¢ > 0 there is a
8 > 0 such that any §-average pseudo-orbit {x,—}?za C A of f is e-shadowed in average by some z € A.

Let f € Diff(M), and let A C M be a closed f-invariant set. We say that A is locally maximal if there is a compact
neighborhood U of A such that

(") = A).
nez

Note that f has the average shadowing property if and only if f" has the average shadowing property for n > 0.
It is well known that if p is a hyperbolic periodic point f with period k then the sets

Wp)={xeM:f"x — pasn— oo}
and
Wi(p)={xeM:f ™% — pasn— oo}
are C'-injectively immersed submanifolds of M.
Every point in the set W3 (p)mWW*"(p) is called a homoclinic point of f. The closure of the homoclinic points of f associated
with p is called the homoclinic class of f and it is denoted by H; (p):
Hy(p) = W5 (p)hW"(p).

Let A C M be an f-invariant closed set. We say that A admits a dominated splitting if the tangent bundle T,M has a
continuous Df -invariant splitting TAM = E°* @ E, and there exist constants C > 0 and 0 < A < 1 such that

HDxfn|E<x) ” ‘ ”Dxf_n|F(f”(x)) H <CA"
forallx € Aandn > 0.

Remark 1.1. An equivalent statement is the following: There are constants m > 0 and A € (0, 1) such that
IDf ™ |eeo Il /m(Df ™ po) < A2,

for every x € A.

We say that A is hyperbolic if the tangent bundle T, M has a Df -invariant splitting E* @ E* and there exist constants C > 0
and 0 < A < 1such that [[Dyf"|gs|| < CA" and ||[Dyf "|pu|| < CA™" forallx € Aandn > 0.
In the article, we prove the following conclusion:

Theorem A. Suppose the homoclinic class H (p) is locally maximal and satisfies the following properties:
(a) Hf(p) admits a dominated splitting TyypyM =EDF with dim E = dim W*(p),
(b) there are constants K > 0,m > 0,0 < A < 1such thatif q € H;(p) has minimum period 7 (q) > m, then
k—1 k—1
) ! , k
l_! ”Df'm(q)fm|55|fim(q) ” < KA* and 1_([) ||Df—1m(q>fm|5u‘fiim(q) || < KA s
1= 1=
where k = [ (q)/m],
(c) f has the average shadowing property on Hy (p);

then Hy (p) is hyperbolic for f.

Actually, the above theorem comes from the consideration of the so-called C!-stably average shadowable homoclinic
class.

Definition 1.2. Let A be a closed f-invariant set. We say that an f e Diff(M) has the C!-stably average shadowing property
on A or A is Cl-stably average shadowable if there exist a C'-neighborhood U(f) of f and a compact neighborhood U of A
such that:

(i) AU) =Nz f"(U), Le., A is locally maximal;
(i) for any g € U(f), gl w) has the average shadowing property, where Ag(U) = (nez &"(U), which is called the
continuation of A(U).
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