Nonlinear Analysis 73 (2010) 1394-1407

Contents lists available at ScienceDirect

Nonlinear Analysis

journal homepage: www.elsevier.com/locate/na ]

Spatial and temporal decay estimate of the Stokes flow of weighted L'
initial data in the half space”

Bum Ja Jin
Department of Mathematics, Mokpo National University, Muan 534-729, South Korea

ARTICLE INFO ABSTRACT

Article history: In this paper, we derive the spatial and temporal decay estimate of the Stokes solution e~“a

Received 20 January 2010 in the half space when the prescribed initial data is in a weighted L! space. We obtained
Accepted 27 April 2010 that

WISC: e Halle < Ce™ 3% xxally + CtEE T |x,al
32833 forO<r <nifi=nand0<r<n-1ifi=1,...,n—1.
© 2010 Elsevier Ltd. All rights reserved.

Keywords:

Stokes

Half space

Spatial

Temporal

Decay rate

1. Introduction

Let us consider the Stokes equations in the n-dimensional half space R" , n > 2:

divu =0, %—Au—#Vp:OinRix(O,oo) (1)
with initial condition u(x, 0) = a(x) in R, and with no slip boundary condition u = 0 on x, = 0. Here a is a divergence
free vector field with zero boundary value.

Let A be the generating operator of the Stokes semi-group so that the solution of the Stokes equation (1) is denoted by
u(x, t) = e"“a(x).

The L9 — L! estimate of the Stokes flow in the half space has been derived by Borchers and Miyakawa [1] via semi-group
operator theory for 1 < q < oo:

_ne_1
le%alle < ct 200 a1,

Desch, Hieber and Pruss [2] derived L — L*° estimate and showed an example that the L' — L' estimate does not hold.
The L! — L! estimate for Vu in the half space has been shown by Giga, Matsui and Shimizu [3] for ¢ = 1; by Shimizu [4]
for ¢ = oo; by Shibara and Shimizu [5] for 1 < q < occ.
Fujigaki and Miyakawa [6] derived more rapid L9 estimate of the Stokes flow with initial data in the weighted L' space:
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Bae [7] has considered a rapid L' estimate and a rapid L> estimate with an initial data with the special condition
f_oooo a(x)dx; = 0forsomei=1,...,n — 1,and in this case
1
le~"ally < Ct™2||xqallp, p=1,00.

When a spatially decaying initial data is given, Crispo and Maremonti [8] derived a spatial and temporal decay estimate
of the Stokes flow. Making use of it, they proved the existence of spatially decaying Navier-Stokes flow.

Bae [9] derived weighted LY estimates of the Stokes flow for 1 < q < oo when the prescribed initial data is in weighted
L' space. (See also the paper of Jin [10] for more sophisticated estimate.)

In this paper, we derive the spatial and temporal decay estimate of the Stokes flow when the prescribed initial data is
in weighted L' space. The following is the statements of the main theorem. (In other words, we consider the weighted L
estimate for weighted L! data.)

Theorem 1.1. Let x,(1+ |xj)ac Ll forO<r <n—1landi=1,...,n— 1andlet x,(1+ |x,)'a € L' for 0 <r < n. Then
we have
— _n_1 _nr-1
||x{e ma”LOO(R’;) <C[t™2 2||an,'ra||L1(R"+) +t2t ||Xna||L1(]R”+)] (2)

foro<r<n-—1ifi=1,...,n—1and

—tA —n_ 1t —igr
X6 alleon ) < Clt™27 2 Ix, Al + 727 2 [Ixnallp gyl (3)
foro<r <n.

The above theorem comes from the following estimates.

Theorem 1.2. Let x,(1 4+ [x;|)'ae L' for 0 <r <n,i=1,...,n Then we have
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Herea = (a, a,), and e~" and S are defined in Section 2.

Theorem 1.2 is obtained by combining Theorem 4.2 in Section 4, Theorem 5.2 in Section 5, and Theorem 6.2 in Section 6.
Theorem 1.1 is obtained by combining Theorem 1.2 for the estimate of e~“a — e~*¥(a + Sa,,), Lemma 3.2 for the estimate
of e~3 and Lemma 3.3 for the estimate of e ~*Sa,,.

Remark 1.1. The proof of Theorem 1.1 for r = 0 has been already done in [6]. They made use of L9 — L' estimate in [1]
which is obtained via semi-group operator theory. In this paper, we derives it by direct computation via Fourier transform.

Remark 1.2. We compare the result of [8] with the result of this paper.

e In [8], a spatial and temporal estimate of the Stokes flow has been derived for a rapidly decaying smooth initial data
satisfying (1 + [x[)'a € L°(R}) for0 <1 < n.
Moreover, it is shown that

e21(1 4+ |X|)ﬁe_tAalle(R"+) <CIA+ XD allpe@rn), o+B=r<n.

Hence the spatial decay rate is less than n.
o In this paper, our initial data a may have a singularities, since we assume (1 + |x;|) x,a € L! (R7).
In our result, the spatial decay rate in tangential direction is less than n — 1. By our technique n — 1 seems to be
optimal for the tangential decay rate when the initial data is in the weighted L'space. However, it should be clarified and
we leave it for the future.

There are recent papers on Stokes equations and Navier-Stokes equations in the half space with nondecaying initial
data. Maremonti and Starita [11] derived the estimates of the Stokes flow with bounded or continuous initial velocity with
1+ xPa e L*(RL), 0 < B < 1. Making use of it, Maremonti [ 12] proved the existence (local in time) and uniqueness of
classical solutions to the Navier-Stokes equations under the condition that initial data are only continuous and bounded.

Remark 1.3. Solution formula of the Stokes equations in the half space have been derived by Solonnikov [13] and Ukai [ 14],
independently.

In [13], Solonnikov’s solution formula is represented by Green functions and it has been used mainly in L*° framework.
(See [8,12,11,15].)

In [14], Ukai’s solution formula is represented by the compositions of n-dimensional Riesz operators, (n — 1)-dimensional
Riesz operators, and solution operators of heat equations, and it has been used in the L framework, mainly for 1 < q < oc.
(See [7,9,1,6,3,5,4].)
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