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a b s t r a c t

In this article, we study the expansion of the first Melnikov function of a near-Hamiltonian
system near a heteroclinic loop with a cusp and a saddle or two cusps, obtaining formulas
to compute the first coefficients of the expansion. Then we use the results to study the
problem of limit cycle bifurcation for two polynomial systems.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction and main results

Consider a C∞ plane system of the form

ẋ = Hy + εp(x, y, δ), ẏ = −Hx + εq(x, y, δ) (1.1)

whereH(x, y), p(x, y, δ) and q(x, y, δ) are C∞ functions in (x, y, δ)with δ a vector parameter varying in a compact setD ⊂ Rn.
For ε = 0 (1.1) becomes

ẋ = Hy, ẏ = −Hx (1.2)

which is a Hamiltonian system. Hence, system (1.1) is called a near-Hamiltonian system. Usually we suppose the
unperturbed system (1.2) has a family of periodic orbits Lh defined by the equation H(x, y) = h. The boundary of the family
{Lh} can be a center or a homoclinic or a heteroclinic loop. An important topic is to study the number of limit cycles of the
perturbed system in a neighborhood of a center, a homoclinic or a heteroclinic loop with either saddles or cusps. In this
respect, a Melnikov function of the form

M(h, δ) =


Lh
qdx − pdy (1.3)

plays an important role; see [1–3].
Let a boundary of the family {Lh} be a closed curve having at most two singular points. Then we have the following

possibilities for the curve.

(1) It is a homoclinic loop with one hyperbolic saddle.
(2) It is a homoclinic loop with one cusp.
(3) It is a heteroclinic loop having 2 heteroclinic orbits connecting 2 hyperbolic saddles.
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Fig. 1. The phase portraits of 5 cases of the boundary.

(4) It is a heteroclinic loop having 2 heteroclinic orbits connecting 2 cusps.
(5) It is a heteroclinic loop having 2 heteroclinic orbits connecting 1 cusp and 1 hyperbolic saddle. See Fig. 1.

The expansions of functionM were obtained for the first three cases in [4–6]. In this paper we discuss the last two cases,
obtaining the expansion ofM .

Before we state our main results we first list relevant results for the first 3 cases.
For case (1) we can suppose the homoclinic loop L0 is given by {(x, y)|H(x, y) = 0} and the hyperbolic saddle is at the

origin. Then without loss of generality we may suppose

H(x, y) =
λ

2
(y2 − x2) +

−
i+j≥3

hijxiyj, λ ≠ 0 (1.4)

for (x, y) near the origin. For definiteness, we assume that Lh exists for 0 < −h ≪ 1.

Theorem 1.1. Under the above assumptions we have

M(h, δ) =

−
j≥0

(c2j + c2j+1h ln |h|)hj

for 0 < −h ≪ 1 [4]. Further, for the formula of c0, c1, c2 and c3, we have [5]

c0(δ) = M(0, δ) =


L0
qdx − pdy,

c1(δ) = −
a10 + b01

|λ|
,

c2(δ) =


L0

(px + qy − a10 − b01)|ε=0dt + bc1(δ),

c3(δ) =
−1
λ|λ|

(a21 + b12) −
1
λ

[h12(2a20 + b11) + h21(a11 + 2b02)] + bc1(δ),

where b and b are constants.

As in [5], c1(δ) and c3(δ) are called the local homoclinic coefficients of M at the saddle O, denoted by c1(Osaddle, δ) and
c3(Osaddle, δ) respectively. By Han et al. [5], we have directly

Corollary 1.1 ([5]). Let system (1.1) satisfy (1.4). Let U denote a disk of diameter ε0 > 0 with center at the saddle. Then

lim
h→0

∫
Lh


U
(px + qy − σ)|ε=0dt =

∫
L0


U
(px + qy − σ)|ε=0dt,

lim
h→0

[∫
Lh


U
dt +

1
|λ|

ln |h|
]

= O(1) ∈ R,

where σ = (px + qy)|x=y=0, which is called the divergence of the saddle.

For case (2), we also suppose the homoclinic loop L0 ⊂ {(x, y)|H(x, y) = 0} and the cusp is at the origin. Then for the
simplest case of cusp, we suppose

H(x, y) =
1
2
y2 +

−
i+j≥3

hijxiyj, h30 ≠ 0. (1.5)
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