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w-periodic and we discuss the existence of S-asymptotically w-periodic and asymptotically
w-periodic solutions for an abstract integral equation. Some applications to partial
differential equations and partial integro-differential equations are considered.
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1. Introduction

In this work, we continue our developments in [ 1-3] on S-asymptotically w-periodic functions. Specifically, we establish
conditions under which an S-asymptotically w-periodic function is asymptotically w-periodic and we study the existence
of S-asymptotically w-periodic and asymptotically w-periodic solutions for a class of abstract integral equation of the form

t
u(t) = R(t)xo +/ R(t —5)G(s, u(s))ds, t >0, (1.1)
0

where (R(t))s>o is a strongly continuous family of bounded linear operators on a Banach space (X, || - ||), X0 € X and
G : [0, 00) x X — X is a continuous function.

The literature concerning S-asymptotically w-periodic functions is very recent; see [1-10] among another works. As
regards the qualitative properties of S-asymptotically w-periodic functions, we cite the papers [ 1-3]. As regards the problem
of the existence of S-asymptotically w-periodic solutions for differential equations, we refer the reader to [4-8] for the case
of ordinary differential equations described on finite dimensional spaces and to [1,3,9,10] for differential equations defined
on abstract Banach spaces.

Next, we include some definitions, properties and technicalities needed to establish our results. Let (Z, || - ||z) and
(W, || - llw) be Banach spaces. The notation £(Z, W) is used to represent the space of bounded linear operators from Z
into W endowed with the uniform operator norm denoted by || - || £z w), and we write simply £(Z) and | - || ¢z) when

Z = W.In this paper, C;([0, 00), Z), Co([0, 00), Z) and C, ([0, 00), Z) are the spaces
Gy([0, 00), 2) = [X € C([0,00), Z) : sup [|x(t) || < OO} :
>0

Co(10. 00). 2) = {x € (10, 00, 2) : lim [x®)] = O} .
C,([0, 00),2Z) = {x € Cy([0, 00), Z) : x is w-periodic} ,

endowed with the norm of the uniform convergence denoted by || - ||, z).
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Definition 1.1. A function f € G,(R, Z) is called almost periodic if for every ¢ > 0, there exists a relatively dense subset
FH(e,f)of Rsuchthat |f(t + &) — f(t)|| < eforeveryt € Randall £ € H#(e, f).

Definition 1.2. A function f € C,([0, 00), Z) is called asymptotically almost periodic if there exist an almost periodic
function z(-) and w € ([0, 00), Z) such that f = z 4+ w. If z(-) is w-periodic, f () is said to be asymptotically w-periodic.

Definition 1.3. A function f € G,([0, 00), Z) is said to be S-asymptotically periodic if there exists @ € R such that
lim; oo[f (t + w) — f(t)] = 0. In this case, we say that w is an asymptotic period of f(-) and that f(-) is S-asymptotically
w-periodic.

Throughout this paper, SAP,,(Z) represents the space formed for all the Z-valued S-asymptotically w-periodic functions
provided with the uniform convergence norm.

In the remainder of this paper, (X, | - ||) is a Banach space and w is a fixed positive real number. In addition, for t > 0, we
use the decompositiont = &£ (t) + t(t)w where £(t) € [0, w) and t(t) € NU{0}. Moreover, forh > 0andf € G,([0, o0), Z),
we denote by f; the function f;, : [0, 0c0) — Z defined by f,(t) = f(t + h).

This paper has four sections. In the next section, we establish conditions under which an S-asymptotically w-periodic
function is asymptotically w-periodic. In Section 3, we discuss the existence of S-asymptotically w-periodic solutions and
asymptotically w-periodic solutions for Eq. (1.1). Finally, in Section 4, some concrete applications to partial differential
equations and partial integro-differential equations are considered.

2. On S-asymptotically w-periodic functions

The study of the relations between the classes of S-asymptotically w-periodic functions and asymptotically w-periodic
functions was initiated in [6]. In [6] it is established that all S-asymptotically w-periodic function is asymptotically
w-periodic. However, in [1,2] there are presented some examples of S-asymptotically w-periodic functions which are not
asymptotically w-periodic. Motivated by the above, in this section we establish conditions under which an S-asymptotically
w-periodic function is asymptotically w-periodic. To begin, we consider the following definition introduced in [1].

Definition 2.4. Afunctionf € C,([0, 00), Z) is said to be w-normal on compact sets if for every sequence of natural numbers
(Mmp)ney Withm, — oo asn — oo, there exist a subsequence (m,,j)]-eN and F € Gy([0, 00), Z) such thatfmnja, — Fasj — oo
uniformly on compact subsets of [0, c0).

From [1] we also include the next result.
Lemma 2.1. Let f € SAP,(Z) and assume that there exist F € C,([0, 00), Z) and a sequence of positive numbers (t,)nen With
t, — oo asn — oo, such that f;, — F uniformly on compact subsets of [0, 0o). Then F is w-periodic.

Now, we can establish now our first result.
Proposition 2.1. Let f € SAP,(X) and P : [0, 0c0) — R be the function defined by P(t) = ||f (t + w) — f(t)||. Assume that f(-)
is w-normal on compact sets, P(-) is non-increasing and ZJO:O1 P(jw) < o0. Then f(-) is asymptotically w-periodic.

Proof. By noting that f € SAP,(X) and f is w-normal on compact sets, from Lemma 2.1 we infer that there exist a
subsequence (11))jen Of (Mpeny and F € C,([0, 00), X) such that fnja) — F uniformly on compact subsets of [0, c0). For
& > 0, we select jo € N such that

> If i + ) — f i) <, (2.2)
iznjo
IF(s) —f(s + nw)|| < &, Vs € [0, wl. Vj = jo. (2.3)

For t > nj,w, we have that n(t) = n;, + h for some h € N. Now, from (2.2)-(2.3) we get

IF@®) = f O = [FE®) +n®)w) = fED +nOo)]
< IFEM) ~JEW +my) | + IO +1ge) = EO +(y + D
<e+ +Z If E©®) + (i + Do) = fE®) + i)
<e+ ‘Z)Tvaw + ) —f(io)|
< 2e, o

which implies that lims_, o [F(s) — f(s)] = 0 and f(-) is asymptotically w-periodic since f = F + (f — F). The proof is
complete. O

Proposition 2.2. Let f € SAP,(X). Assume that f(-) is w-normal on compact sets and f € W'1([0, 0o), X). Then f(-) is
asymptotically w-periodic.
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