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a b s t r a c t

In this paper, we consider the existence of pseudo-almost automorphic solutions of the
semilinear integral equation x(t) =

 t
−∞

a(t − s)[Ax(s) + f (s, x(s))]ds, t ∈ R in a Banach
space X, where a ∈ L1(R+), A is the generator of an integral resolvent family of linear
bounded operators defined on the Banach space X, and f : R × X → X is a pseudo-almost
automorphic function. The main results are proved by using integral resolvent families
combined with the theory of fixed points.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we are mainly concerned with the existence of pseudo-almost automorphic mild solutions to the class of
semilinear integral equations in the abstract form

x(t) =

∫ t

−∞

a(t − s)[Ax(s) + f (s, x(s))]ds, t ∈ R, (1.1)

where a ∈ L1(R+), A : D(A) ⊆ X → X is the generator of an integral resolvent family defined on a complex Banach space
X, and f : R × X → X is a pseudo-almost automorphic function satisfying some suitable conditions (see Section 3).

The concept of pseudo-almost automorphic functions suggested by N’Guérékata [1, page 40] was developed by Xiao
et al. [2]. It is a natural generalization of both the classical almost automorphy in the sense of Bochner [3,4] and
that of pseudo-almost periodicity due to Zhang [5–7]. Since then, these functions have generated lot of developments
and applications. For more details we refer the reader to [1,8–10] and the references therein. The existence of almost
automorphic and pseudo-almost automorphic solutions are among the most attractive topics in the qualitative theory
of differential equations because of their significance and applications in physics, mechanics and mathematical biology.
In recent years, the existence of automorphic and pseudo-almost automorphic solutions on different kinds of differential
equations have been investigated in many publications such as [11–22] and the references therein.

Recently, Cuevas and Lizama [23] studied the existence and uniqueness of almost automorphic solutions for
problem (1.1). In [24], the authors investigated the existence and regularity of compact almost automorphic solutions
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for problem (1.1). And in [25], we considered the existence and uniqueness of pseudo-almost automorphic and weighted
pseudo-almost automorphic mild solutions to a semilinear differential equation in Hilbert spaces. However, to the best of
our knowledge, the existence of pseudo-almost automorphic solutions to problem (1.1) is an untreated topic. Motivated
by the above-mentioned works [23,24], the main purpose of this paper is to investigate the existence of pseudo-almost
automorphic solutions to problem (1.1). Theorem 3.3 and other main results following this extend results in [24] and can
be seen as a contribution to this emerging field.

The rest of this paper is organized as follows. In Section 2, we present some basic definitions, lemmas and preliminary
facts which will be needed in what follows. In Section 3, we prove the existence and uniqueness (or existence) of pseudo-
almost automorphic mild solutions for the semilinear integral equation (1.1).

2. Preliminaries

In this section, we introduce some basic definitions, notations, lemmas and technical results which will be used in what
follows. For more details on this section, we refer the reader to [18,19,24].

Throughout this paper, we assume that (X, ‖ · ‖) is a complex Banach space. The notation C(R, X) stands for the space of
all continuous functions from R into X. We let BC(R, X) (respectively, BC(R×X, X)) be the space of all bounded continuous
functions from R into X (respectively, the collection of all jointly bounded continuous functions from R × X into X). Note
that BC(R, X) is a Banach space with the sup norm ‖ · ‖∞; we write BC(R) when X = R. Furthermore, we denote by B(X)
the space of bounded linear operators from X into X endowed with the operator topology, and the notation ρ(A) stands for
the resolvent set of A.

We recall that the Laplace transform of a function f ∈ L1loc(R+, X) is given by

L(f )(λ) := f̂ (λ) :=

∫
∞

0
e−λt f (t)dt, Re λ > ω,

where the integral is absolutely convergent for Re λ > ω. In order to establish an operator theoretical approach to Eq. (1.1),
we recall the following definition.

Definition 2.1 ([26]). Let A be a closed linear operator with domain D(A) ⊆ X. We say that A is the generator of an integral
resolvent if there exist ω ≥ 0 and a strongly continuous function S : R+ → B(X) such that


1

â(λ)
: Re λ > ω


⊆ ρ(A) and

1
â(λ)

I − A
−1

x =

∫
∞

0
e−λtS(t)xdt, Re λ > ω, x ∈ X.

In this case, S(t) is called the integral resolvent family generated by A.

Now, we establish several relations between the integral resolvent family and its generator. The following result is a
direct consequence of [27, Proposition 3.1 and Lemma 2.2].

Lemma 2.1. Let S(t) be the integral resolvent family on X with generator A. Then the following properties hold:
(a) S(t)D(A) ⊆ D(A) and AS(t)x = S(t)Ax for all x ∈ D(A) and t ≥ 0.
(b) Let x ∈ D(A) and t ≥ 0. Then

S(t)x = a(t)x +

∫ t

0
a(t − s)AS(s)xds.

(c) Let x ∈ X and t ≥ 0. Then
 t
0 a(t − s)S(s)xds ∈ D(A) and

S(t)x = a(t)x + A
∫ t

0
a(t − s)S(s)xds.

In particular, S(0) = a(0)I .

Remark 2.1. For more on integral resolvent families and related issues, we refer the reader to [27–32].

Definition 2.2 ([3]).A continuous function f : R → X is said to be almost automorphic if for every sequence of real numbers
{s′n}n∈N there exists a subsequence {sn}n∈N such that

g(t) := lim
n→∞

f (t + sn)

is well defined for each t ∈ R, and

lim
n→∞

g(t − sn) = f (t)

for each t ∈ R. The collection of all such functions will be denoted by AA(R, X).
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