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1. Introduction

The purpose of this paper is to study the stability of the zero solution of the first-order linear neutral differential equations
with variable delays and impulses

X)) =-bOxt—t@®)+cOXC—T(), #b
X(6) —xt) =dx(t), k=1,2,...

and the generalized form
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j=1 j=1
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by a fixed point method under the following assumptions:

(HI) 0 <o <t; <ty--- <ty <---are fixed points with t, — coask — oo.

(H2) a,b,c,bj,¢;e C(RT,R), 7,75 € C(RT,R), t — 7 (t) > ocand t — 7 (t) — oo ast — oo.
(H3) N is a positive integer and di € (—1, 0o) are constants fork =1, 2, .. ..

(H4) lim,_ - x (t) =x ;) and lim,_ .+ x (1) = x (;") fork = 1,2, ...

Study on the stability of linear neutral differential equations is not a new topic. But there are a large set of problems for
which it has been ineffective when Lyapunov’s direct method has been used. Recently, Xing and Han [ 1] made the conditions
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ensuring stability simpler and less restrictive by constructing several functions of partial components of x instead of putting
all components of the state variable x in one Lyapunov function. On the other hand, Burton and others [2-10] applied the
fixed point theory to study stability. It has been shown that many of those problems encountered in the study of stability by
means of Lyapunov’s direct method can be solved by means of the fixed point theory. After that, Luo [11] first considered the
exponential stability for stochastic partial differential equations with delays by using a fixed point method. Then, together
with Luo, Sakthivel [ 12,13] investigated the asymptotic stability of the nonlinear impulsive stochastic differential equations
and the impulsive stochastic partial differential equations with infinite delays by means of fixed point theory. By using the
fixed point theory to study the stability of the zero solutions of linear neutral differential equations and the special cases
without impulses, many results have been shown in [14-16] and the references therein. For example, Jin and Luo in [17]
have studied the equation

X () =—-a®x (@) —b®)x(t—7()+cOX(—1() 3)
and obtained the following result.

Theorem 1.1 ([17]). Let 7 (t) be twice differentiable and suppose that t’ (t) # 1forallt € R. Suppose that there exist a constant
0 < «a < 1and a continuous function h : Rt — R such that for t > 0,

t
lim inf / h(s)ds > —o0,
0

t—00
and
c(t) t L fhwa
SO [ e —asnast [ e Fm | b +he— )
1-1/(t) t—t(t) 0
t s
—aGs—t()NA —r/(s))—r(s)|ds—|—/ e~ s hwdu | ()| (/ |h(u)—a(u)|du> ds <a, (4)
0 s—7(8)
where 1(s) = (h(s)c(©)+c'(5)) (1= (5)) +c(s)T" (5) -

(1-1/(s))?
Then the zero solution of (3) is asymptotically stable if and only if fO[ h@)du — ccast — oo.

When a(t) = c(t) = 0, Theorem 1.1 with h(s) = b(g(s)) reduces to Theorem 2.2 in [15]. On choosing h(s) = a(s),
Theorem 1.1 reduces to Theorem 2.1in [16]. The stability of the generalized linear neutral differential equations with variable
delays has been investigated in [ 18]. All the above papers do not consider the effect of impulses. However, in reality, many
phenomena in the fields of medicine, biology, economics and chemistry do exhibit impulse effects. The monographs [19,20]
are good sources for the study of impulsive differential equations and their applications. The recent survey papers [21,22]
provide the oscillation theory of impulsive ordinary differential equations and impulsive delay differential equations. To the
best of our knowledge, there is no result on the stability of the linear neutral differential equations with variable delays and
impulses of type (1) or (5) presented by using the fixed point theory.

This paper is organized as follows. Section 2 includes notation, definitions and some lemmas needed in the later sections.
In Section 3, the linear impulsive delay differential equations are discussed and sufficient conditions for stability are
presented. In the last part, Section 4, we deal with two examples.

2. Preliminary notes

Suppose that R = (—o00, +00), Rt = [0, +00) and ZT = {1,2,3,...}. C(51,S,) denotes the set of all continuous
functions ¢ : S; — S;. Foreach o € R, define m(o) = inf{s — 7(s) : s > o}, mj(c) = inf{s — 7j(s) : s > o} and C(0) =
C([m(0), o], R) with the supremum norm ||| = max {|}(s)| : m(c) <s < o}.Definen £ n (t) = max {k €eZt it < t}.
For simplicity, we define [, _, () £ ]_[ke{k‘keﬁ and u<te<v} () for all u, v € R. Here and in the sequel, we assume that a
product equals unity if the number of factors is equal to zero.

Definition 2.1. For any 0 > 0O and ¢ € C (o), a function x : [m(0),00) — R denoted by x (¢, o, ) is said to be a
solution of (1) on [0, 0o) satisfying the initial value condition x (t) =  (t) fort € [m (o), o], if the following conditions
are satisfied:

(i) x (t) is absolutely continuous on [0, t;) and each interval (t;, ty,1).

(ii) x (¢, ) and x (t;") exist and x (t;) = x (&) for any t; € [0, 00).
(iii) x(t) satisfies (1) almost everywhere in [0, 00), and may have a discontinuity of the first kind at t; fork =1, 2, ....

Definition 2.2. For any i/ € C (o), the zero solution of (1) is said to be:

(i) stable if for any ¢ > 0 and 0 > 0, there existsaé = §(g,0) > Osuchthaty € C (o) and ||[y|| < & imply |x(t,
o,¥)| <efort >o;
(ii) uniformly stable if § is independent of o;
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