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1. Introduction
Let (X, d) be a metric space. We denote by CB(X) the collection of non-empty closed bounded subsets of X. For A, B €
CB(X), and x € X, suppose that
D(x,A) = infd(x, a)
aeA

and

H(A, B) = max{sup D(a, B), sup D(b, A)}.
aeA beB

Such a mapping H is called a Hausdorff metric in CB(X) induced by d.

Definition 1.1. An element x € X is said to be a fixed point of a set-valued mapping T : X — CB(X) if and only if x € Tx.

The existence of fixed points for various multi-valued contractive mappings has been studied by many authors under
different conditions. For details, we refer the reader to [1-10] and the references therein. In 1969, Nadler [11] extended the
famous Banach Contraction Principle [12] from single-valued mapping to multi-valued mapping and proved the following
fixed point theorem for the multi-valued contraction.
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Theorem 1.1 (See Nadler [11]). Let (X, d) be a complete metric space and let T be a mapping from X into CB(X). Assume that
there exists ¢ € [0, 1) such that

H(Tx, Ty) < cd(x, y)
forallx,y € X. Then, T has a fixed point.
In 1989, Mizoguchi and Takahashi [8] proved the following interesting fixed point theorem for a weak contraction.

Theorem 1.2 (See Mizoguchi and Takahashi [8]). Let (X, d) be a complete metric space and let T be a mapping from X into
CB(X). Assume that

H(Tx, Ty) < a(d(x,y))d(x,y)

forallx,y € X, where « is a function from [0, +00) into [0, 1) satisfying the condition lim sup,_, ,+ «(s) < 1forallt € [0, +00).
Then, T has a fixed point.

In fact, the Mizoguchi-Takahashi fixed point theorem is a generalization of Nadler’s fixed point theorem, but its primitive
proof is different. B B

Let CL(X) .= {A € X | A # (J, A = A}, where A denotes the closure of A in the metric space (X, d). In this context,
Ciri¢ [3] proved the following interesting theorem.

Theorem 1.3 (See Ciric [3]). Let (X, d) be a complete metric space and let T be a mapping from X into CL(X). Let f : X — R
be the function defined by f (x) = d(x, Tx) for all x € X. Suppose that f is lower semi-continuous and that there exists a function
¢ : [0, +00) — [a, 1),0 < a < 1, satisfying

limsupg(r) <1 foreacht € [0, 400). (1)

r—>tt

Assume that for any x € X thereisy € Tx satisfying the following two conditions:

Vef@)dx,y) < fx) (2)
such that
FO) < e(f(x)dx,y). (3)

Then, there exists z € X such that z € Tz.

Recently, there have been very many exciting developments in the field of existence of fixed points in partially ordered
sets. For details, we refer the reader to [13-33] and the references therein.
In 2006, Bhaskar and Lakshmikantham [15] introduced the following notion of a coupled fixed point.

Definition 1.2 (See Bhaskar and Lakshmikantham [15]). Let X be a non-empty set and F : X x X — X be a given mapping.
An element (x, y) € X x X is said to be a coupled fixed point of the mapping F if F(x,y) = xand F(y, x) = y.

In [15], Bhaskar and Lakshmikantham established some coupled fixed point theorems for partially ordered metric spaces.
They noted that their theorems can be used to investigate a large class of problems and have discussed the existence and
uniqueness of a solution for a periodic boundary value problem. Lakshmikantham and Ciri¢ [21] proved coupled coincidence
and coupled common fixed point theorems for nonlinear contractive mappings in partially ordered complete metric spaces
which extend the results of Bhaskar and Lakshmikantham [15]. For more details on coupled fixed point theory, we also refer
the reader to [13,14,20,30-32] and the references therein.

In this paper, we prove two coupled fixed point theorems by considering metric spaces endowed with partial order. Our
results give a significant extension of some recent results due to Ciri¢ [3]. An example is also given to illustrate the usability
of our results.

2. The main results
Let (X, d) be a metric space endowed with a partial order <. We recall the following definition.

Definition 2.1. A function f : X x X — R is called lower semi-continuous if and only if for any {x,} C X, {y,} C X and
(x,¥) € X x X, we have

lim (%5, yn) = (x,y) = f(x,y) < liminff(x,, y,).
n—-4o00o n—-4o0o

Let G : X — X be a given mapping. We define the set A C X x X by
A={xy) € X xX|Gkx <G}
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