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1. Introduction

We consider the functional | : W'?(£2) — R defined by

1 1
Jw = f/ |Vu|"dx+f/ |u|"dx+fjl(x, u)dx+/ Ja(t, yuyda (1.1)
PJo PJe 2 IR

with 1 < p < oo. The domain £2 C RV is supposed to be bounded with Lipschitz boundary 952 and the nonlinearities
j1: 82 xR — Raswellasj, : 92 x R — R are measurable in the first argument and locally Lipschitz in the second one.
Byy : Wh(2) — LN(382) for 1 < g1 < ps (px = (N — 1)p/(N — p) if p < N and p, = +o0 if p > N), we denote the
trace operator which is known to be linear, bounded and even compact. Note that J : W'P(£2) — R does not have to be
differentiable and that it corresponds to the following elliptic inclusion

—Apu+ [ulP"?u+3j;(x,u) 30 in £,

au
P + djo(x, yu) > 0 onads,
v
where —Apu = — div(|VulP=2Vu), 1 < p < oo, is the negative p-Laplacian. The symbol % denotes the outward pointing

conormal derivative associated with —A, and 9j(x, u), k = 1, 2, stands for Clarke’s generalized gradient given by

djk(x,8) ={& eR:jp(x,s;1) > Er,Vr € R}.

E-mail address: winkert@math.tu-berlin.de.

0362-546X/$ - see front matter © 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.na.2010.02.006


http://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
mailto:winkert@math.tu-berlin.de
http://dx.doi.org/10.1016/j.na.2010.02.006

P. Winkert / Nonlinear Analysis 72 (2010) 4298-4303 4299

The term j;(x, s; ) denotes the generalized directional derivative of the locally Lipschitz function s — ji(x, s) at s in the
direction r defined by

jp(x,s; 1) = limsup By +tr) — kX, ¥)
k\Ns 9 s .

)

(cf. [1, Chapter 2]). It is clear that j}(x, s; 1) € R because ji(x, -) is locally Lipschitz.

The main goal of this paper is the comparison of local C!(£2) and local W'-P(£2)-minimizers. That means that if uy €
WUP(£2) is a local C'(£2)-minimizer of J, then ug is also a local WP (£2)-minimizer of J. This result is stated in our main
Theorem 3.1.

Such a result was first proven for functionals corresponding to elliptic equations with Dirichlet boundary values by Brezis
and Nirenberg in [2] if p = 2. They consider potentials of the form

q>(u):/ 1|Vu|2—/ F(x, u),
2 2 2

where F(x, u) = fou f(x, s)ds with some Carathéodory function f : 2 x R — R. An extension to the more general case
1 < p < oo can be found in the paper of Garcia Azorero et al. in [3]. We also refer the reader to [4] if p > 2. As regards
nonsmooth functionals defined on Wol’p(.Q) with 2 < p < oo, we point to the paper [5]. A very inspiring paper about local
minimizers of potentials associated with nonlinear parametric Neumann problems was published by Motreanu et al. in [6].
Therein, the authors study the functional

Po®) = %”D"”E - /Fo(z,X(Z))dz, Vx € WP ()
z
with
W, P(2) = {y eWP(2): ax _ o} ,
on

where g—z is the outer normal derivative of u and Fy(z, x) = fg‘ fo(z, s)ds,aswellas 1 < p < oo. A similar result correspond-

ing to nonsmooth functionals defined on W,}’p (£2) for the case 2 < p < oo was proved in [7]. We also refer the reader to
the paperin[8]for 1 < p < oo.

Arecent paper about the relationship between local C!(£2)-minimizers and local WP (§2)-minimizers of C!-functionals
has been treated by the author in [9]. The idea of the present paper was the generalization to the more general case of
nonsmooth functionals defined on W'-P(£2) with 1 < p < oo involving boundary integrals which in general do not vanish.

2. Hypotheses

We suppose the following conditions on the nonsmooth potentials j; : 2 x R — Randj, : 92 x R — R.

(H1) (i) x = j;1(x, s) is measurable in §2 for all s € R.
(ii) s — jy(x,s) is locally Lipschitz in R for almost all x € 2.
(iii) There exists a constant c; > 0 such that for almost all x € £2 and for all £&; € 9j;(x, s) it holds that

&1 < (14 [s]07h) (2.1)
with 1 < gy < p*, where p* is the Sobolev critical exponent
N|
. ]2 ifp<n,
PP=3yN-p
+00 ifp>N.
(H2) (i) x = ja(x, s) is measurable in 92 for all s € R.
(ii) s = ja(x, s) is locally Lipschitz in R for almost all x € 9£2.
(iii) There exists a constant c; > 0 such that for almost all x € 02 and for all &, € 9j,(x, s) it holds that
|62 < 21+ 5|7 (2.2)
with 1 < g1 < p,, where p, is given by
(N—"Dp
P« = N-—p
+00 ifp>N.
(iv) Letu € W'P(£2). Then every &; € dj,(x, u) satisfies the condition

1E3(x1) — &3(x2)| < Lixy — x5%,
for all xq, x, in 062 with @ € (0, 1].

ifp <N,

Remark 2.1. Note that the conditions above imply that the functional ] : W'P(£2) — R is locally Lipschitz (see [10]
or [11, p. 313]). That guarantees, in particular, that Clarke’s generalized gradient s — 9] (s) exists.
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