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1. Introduction

This paper is concerned with the singular limit, as ¢ — 0, of the nonlocal Allen-Cahn equation
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u(x, 0) = up(x) in £2,

where £2 is a smooth bounded domain in RV (N > 2) and v the Euclidian unit normal vector exterior to 3£2. We assume
that the nonlinearity f (u, v) is smooth and that f (u) := f(u, 0) is given byf(u) = —W/'(u), where W (u) is a double-well
potential with equal well depth, taking its global minimum value at u = £1. More precisely, we assume that f has exactly
three zeros —1 < a < 1 such that

f'(£1) <0,  f'(a) > 0 (bistable nonlinearity), (1.1)

and that

+1
fw)ydu =0. (1.2)
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The condition (1.1) implies that the potential W(u) attains its local minima at u = =1, and (1.2) implies that W(—1) =
W (41). In other words, the two stable zeros of f have “balanced” stability.
Concerning the initial datum ug, we assume its smoothness and choose C; > 1 such that

luollcoi) + I Vitollcogy + ID*uollcogz) < Co- (1.3)
Furthermore we define the “initial interface” Iy by
Iy = {x € 2|uo(x) = a},

and suppose that I is a smooth closed hypersurface without boundary, such that, n being the Euclidian unit normal vector
exterior to I,

In CC 2 and Vup(x) #0 ifx e Iy, (1.4)
up >a iny, up <a ing,, (1.5)

where 2, denotes the region enclosed by I and .(20+ the region enclosed between 952 and I5.
Before going into more details, let us recall known facts concerning the “usual” Allen-Cahn equation, namely

1.
U = Au—+ —zf(u).
e

The singular limit was first studied by Allen and Cahn [1] and by Kawasaki and Ohta [2]. By using formal asymptotic
arguments, they show that the limit problem, as ¢ — 0, is a free boundary problem: the motion of the limit interface
is ruled by its mean curvature. More precisely, the solution u® of the Allen-Cahn equation tends to a step function taking
the value +1 on one side of a moving interface, and —1 on the other side. This sharp interface, which we will denote by I7,
obeys the law of motion V,, = —«, where V,, is the normal velocity of I'; in the exterior direction and « the mean curvature
at each point of I;.

Then, some rigorous justifications of this procedure were obtained. In the framework of classical solutions, let us mention
the works of Bronsard and Kohn [3], Chen [4,5], and de Mottoni and Schatzman [6,7]. Later, in [8], the authors prove
an optimal estimate for this convergence for solutions with general initial data. By performing an analysis of both the
generation and the motion of interface, they show that the solution develops a steep transition layer within a very short
time, and that the layer obeys the law of motion that coincides with the formal asymptotic limit V,, = —« within an error
margin of order ¢ (previously, the best thickness estimate in the literature was of order €| In €|, [4]). For similar estimates
of the thickness of the interface in related problems we refer to [9] (reaction-diffusion-convection system as a model for
chemotaxis with growth), [10] (inhomogeneous Lotka-Volterra competition-diffusion system), and [11] (fully anisotropic
Allen-Cahn equation).

Since the classical motion by mean curvature may develop singularities in finite time (extinction, “pinch off” phenomena,
etc.), one has to define a generalized motion by mean curvature in order to study the singular limit of the Allen-Cahn
equation for all time. One represents I as the level set of an auxiliary function which solves (in the viscosity sense) a
nonlinear partial differential equation. This direct partial differential equation approach was developed by Evans and Spruck
[12] and Chen, Giga and Goto [13]. In this framework of viscosity solutions, we refer to Evans, Soner and Souganidis [14],
Barles, Soner and Souganidis [15], Barles and Souganidis [16], and Ilmanen [17] for the singular limit of reaction-diffusion
equations, for all time.

We now turn back to the nonlocal Allen-Cahn equation. Problem (P?) was considered by Chen, Hilhorst and Logak [18].
In order to underline its relevance in population genetics and nervous transmission, they first show that (P?) can be seen as
the limit, as 0 — 0 and t — 0, of the FitzHugh-Nagumo system
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Then, they study the motion of transition layers for the solutions u® of (P¢). More precisely, for “well-prepared” initial data,
they prove that, as ¢ — 0, the sharp interface limit, which we will denote by I, obeys the law of motion

) {;n|= el - 12 o
tlt=0 = 10,

where V,, is the normal velocity of I} in the exterior direction, x the mean curvature at each point of I, £2, the region
enclosed by I3, .Qt+ the region enclosed between 92 and I, ¢y the constant defined by

+1 of
== (u, 0)du
o= — -1, 0) (1.6)

2w —w =)’




Download English Version:

https://daneshyari.com/en/article/841760

Download Persian Version:

https://daneshyari.com/article/841760

Daneshyari.com


https://daneshyari.com/en/article/841760
https://daneshyari.com/article/841760
https://daneshyari.com

