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a b s t r a c t

This paper is concerned with the existence of mild solutions for a class of impulsive
fractional partial semilinear differential equations. Some errors in Mophou (2010) [2] are
corrected, and some previous results are generalized.
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1. Introduction

Impulsive fractional differential equations have attracted a considerable interest both in mathematics and applications
since Agarwal and Benchohra published the first paper on this topic [1] in 2008; see for example [2–8]. In papers [2,3], the
authors studied the existence of the mild solution for some impulsive fractional differential equations. However, in these
two papers, there are two problems, (1) the definition of mild solutions given by the authors are not well defined, because
classical solutions of the impulsive fractional differential equations do not satisfy the definition of a mild solution given by
the authors; (2) the semigroup property T (t + s) = T (t)T (s) for the system is not used correctly.

For example, consider a linear Caputo fractional differential equation

(Dα
∗
y)(t) = −ρy(t) + f (t), y(0) = c1, 0 < α < 1. (1.1)

Its classical solution is given by (see [9–11])

y(t) = c1Eα,1(−ρtα) +

∫ t

0
(t − s)α−1Eα,α(−ρ(t − s)α)f (s)ds,

where

Eα,1(−ρtα) =
ρ

π
sinπα

∫
∞

0
e−rt rα−1

r2α + 2rαρ cosπα + ρ2
dr,

tα−1Eα,α(−ρtα) = −
1
π

sinπα

∫
∞

0
e−rt rα

r2α + 2rαρ cosπα + ρ2
dr.

Denote T (t) = tα−1Eα,α(−ρtα), S(t) = Eα,1(−ρtα). Then y(t) can be expressed as

y(t) = c1S(t) +

∫ t

0
T (t − s)f (s)ds, (1.2)
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where S(t) and T (t) are given in the above expression, and can be expressed as

T (t) =
1

2π i

∫
Br

eλt 1
λα + ρ

dλ, S(t) =
1

2π i

∫
Br

eλt λα−1

λα + ρ
dλ, (1.3)

where Br denotes the Bromwich path. Let A = −ρ. Then (1.3) can be rewritten as

T (t) =
1

2π i

∫
Br

eλt(λα
− A)−1dλ S(t) =

1
2π i

∫
Br

eλtλα−1(λα
− A)−1.

Furthermore, for system (1.1), we have T (t) = −
1
ρ
DS(t). It is obvious that T (t) ≠ S(t) and the solution y(t) of (1.1) does not

satisfy Definition 3.2 in [2] and Definition 2.3 in [3], i.e., y(t) is not a mild solution. On the other hand, when 0 < α < 1, the
operator T (t) does not satisfy the semigroup property: T (s + t) ≠ T (s)T (t). T (t) satisfies this property only when α = 1.
In this case, we have T (t) = S(t) = e−ρt and T (t + s) = T (t)T (s).

Remark 1.1. This example shows that a classical solution is not a mild solution based on their definitions of mild solutions.
These definitions of mild solutions given by the authors are not well defined (see [12]).

Remark 1.2. Consider the Riemann–Liouville fractional differential equation

(Dαy)(t) = −ρy(t) + f (t), (g1−α ∗ y)(0) = c1, t ≥ 0, 0 < α < 1 (1.4)

where

g1−α(t) :=


1

Γ (1 − α)
t−α, t > 0,

0, t ≤ 0.

Its classical solution is given by (see [13,14])

y(t) = c1Eα,α(−ρtα) +

∫ t

0
(t − s)α−1Eα,α(−ρ(t − s)α)f (s)ds. (1.5)

Let T (t) = Eα,α(−ρtα). Then we have

y(t) = c1T (t) +

∫ t

0
(t − s)α−1T (t − s)f (s)ds. (1.6)

Therefore, for system (1.4), if (1.6) holds then it must be equipped with a single initial condition, say (g1−α ∗ y)(0) = c1. On
the other hand, for system (1.4), if we use the definition of mild solution in the literature [2], then its mild solution can be
expressed as

y(t) = c1T (t) +
1

Γ (α)

∫ t

0
(t − s)α−1T (t − s)f (s)ds, (1.7)

that is, under the initial condition (g1−α ∗ y)(0) = c1, the classical solution of the Riemann–Liouville fractional differential
equation (1.4), does not satisfy the definition of mild solution given by the authors in [2], either. In addition, in this case,
even though T (t) = S(t) = Eα,α(−ρtα), we have T (t + s) ≠ T (t)T (s).

In this paper, we give the definition of a mild solution, and investigate the existence of mild solutions of the system given
by Dα

∗
x(t) = Ax(t) + f (t, x(t)), t ∈ I = [0, T ], t ≠ tk,

x(0) = x0 ∈ X,

△x|t=tk = Ik(x(t−k )), k = 1, . . . ,m,
(1.8)

where 0 < α < 1, A is a sectorial operator on a Banach space X , Dα
∗
is the Caputo fractional derivative, f : I × X → X is

a given continuous function, Ik : X → X, 0 = t0 < t1 < · · · < tk < · · · < tm < tm+1 = T , △x|t=tk = x(t+k ) − x(t−k ),
x(t+k ) = limh→0+ x(tk + h) and x(t−k ) = limh→0− x(tk + h) represent the right and left limits of x(t) at t = tk, respectively.
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