Nonlinear Analysis 73 (2010) 2541-2557

Contents lists available at ScienceDirect

Nonlinear Analysis

journal homepage: www.elsevier.com/locate/na S

Compactness by the Hausdorff measure of noncompactness
M. Mursaleen*, Abdullah K. Noman

Department of Mathematics, Aligarh Muslim University, Aligarh 202002, India

ARTICLE INFO ABSTRACT

Article history: In the present paper, we establish some identities or estimates for the operator norms and

Received 15 February 2010 the Hausdorff measures of noncompactness of certain operators given by infinite matrices

Accepted 10 June 2010 that map an arbitrary BK-space into the sequence spaces ¢y, ¢, £, and £, and into the
matrix domains of triangles in these spaces. Furthermore, by using the Hausdorff measure

Z/IGSBC{S of noncompactness, we apply our results to characterize some classes of compact operators

46B45 on the BK-spaces.

46B50 © 2010 Elsevier Ltd. All rights reserved.

Keywords:

Sequence spaces

BK-spaces

Matrix transformations

Compact operators

Hausdorff measure of noncompactness

1. Background, notations and preliminaries

Let X be a normed space. Then, we write Sx and By for the unit sphere and the closed unit ball in X, that is, Sy = {x €
X x|l = 1}and By = {x € X : ||x|| < 1}.1f X and Y are Banach spaces, then 8(X, Y) denotes the set of all bounded
(continuous) linear operators L : X — Y, which is a Banach space with the operator norm given by ||L|| = supyes, I|IL(x)|ly for
allL € B(X, Y).AlinearoperatorL : X — Y issaid to be compact if the domain of Lis all of X and for every bounded sequence
(x,) in X, the sequence (L(x,;)) has a subsequence which converges in Y. We denote the class of all compact operators in
B(X,Y)by C(X,Y).An operator L € B(X, Y) is said to be of finite rank if dim R(L) < oo, where R(L) is the range space of L.
An operator of finite rank is clearly compact.

By w, we shall denote the space of all complex sequences. If x € w, then we write x = (x;) instead of x = ()72, Also,
we write ¢ for the set of all finite sequences that terminate in zeros. Further, we use the conventions thate = (1, 1, ...)
and e® is the sequence whose only non-zero term is 1 in the kth place for each k € N, where N = {0, 1,2, .. .}.

Any vector subspace of w is called a sequence space. We shall write £, ¢ and ¢, for the sequence spaces of all bounded,
convergent and null sequences, respectively. Further, by £; and £, (1 < p < 00), we denote the sequence spaces of all
absolutely and p-absolutely convergent series, respectively. Furthermore, we write bs, cs and csg for the sequence spaces of
all bounded, convergent and null series, respectively. Moreover, we denote the space of all sequences of bounded variation
by bv, that is, bv = {x = (xX) € w: (X — Xk_1) € Z1}. By the classical sequence spaces, we mean the spaces ¢y, ¢, £, and
£, (1 <p < 00).

The a-, B- and y -duals of a subset X of w are respectively defined by

X ={a= (@) € w:ax= (ax) € £ forallx = (x) € X},

XP =la=(a) e w:ax= (qx) € csforallx = (x) € X}
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and
X" ={a=(a) € w:ax = (qxc) € bsforallx = (x) € X}.

Throughout this paper, the matrices are infinite matrices of complex numbers. If A is an infinite matrix with complex
entries a, (n, k € N), then we write A = (a,) instead of A = (aﬂk)?k:O' Also, we write A, for the sequence in the nth row
of A i.e, Ay = (an)j, for every n € N.In addition, if x = (xx) € w, then we define the A-transform of x as the sequence
Ax = (An(x));2,, where

A = aux; (nEN) (1.1)

k=0

provided the series on the right converges for eachn € N.

Let X and Y be subsets of w and A = (ay,) an infinite matrix. Then, we say that A defines a matrix mapping from X into
Y, and we denote it by writing A : X — Y, if Ax exists and is in Y for all x € X. By (X, Y), we denote the class of all infinite
matrices that map X into Y. Thus A € (X, Y) if and only if A, € X? foralln € Nand Ax € Y forall x € X.

For any subset X of w, the matrix domain of an infinite matrix A in X is defined by

Xo={xew:AxeX}.

The theory of FK- and BK-spaces is the most powerful tool in the characterization of matrix transformations between
sequence spaces.

A sequence space X is called an FK-space if it is a complete linear metric space with continuous coordinates p, : X —
C (n € N), where C is the complex field and p,(x) = x, for all x = (x,) € X and every n € N. A BK-space is a normed
FK-space [1], that is, a BK-space is a Banach sequence space with continuous coordinates [2].

The classical sequence spaces are BK-spaces with their natural norms [2, Example 1.1]. More precisely, the spaces ¢, ¢
and £, are BK-spaces with the usual sup-norm given by ||x||¢,, = supy |xk|, where the supremum is taken over all k € N.
Also, the space ¢, is a BK-space with the usual £,-norm defined by ||x||,, = (Zﬁio |%c|P)/P, where 1 < p < oo.

Asequence (b)), in a linear metric space X is called a Schauder basis for X if for every x € X there is a unique sequence
(an)32, Of scalars such thatx = Y2 0 otby, that is, limpy—, o (3o @nby) = x [3, Definition 1.6].

Although the space £, has no Schauder basis, the spaces cp, ¢ and £, (1 < p < o0) all have Schauder bases
[3, Theorem 1.10].

An FK-space X D ¢ is said to have AK if every x = (x¢) € X has a unique representation x = Z;ﬁo xe®, that is,
xm =3 xe® — xasm — oo [4]. Here, xI™ is called the m-section of x (m € N).

Among the other classical sequence spaces, the spaces ¢y and £, (1 < p < 00) have AK [5, Example 3.16].

IfX D ¢ is a BK-space and a = (ai) € w, then we define

(o]
E QX
0

k=

llallx = sup (1.2)

XxeSx

provided the expression on the right hand side exists and is finite [6], which is the case whenever a € X [7, Theorem 7.2.9].
Throughout, let 1 < p < oo and q denote the conjugate of p, thatis,q = coforp=1,g=p/(p— 1) for1 < p < oo and
q= 1forp = oo.
The following known results are fundamental for our investigation, and we may begin with the -, 8- and y -duals of the
classical sequence spaces.

Lemma 1.1 ([5, Example 4.4]). Let 1 denote any of the symbols «, 8 or y. Then, we have cg =ct = ZLO = {4, Zﬁ = {y and
Ef, =Ly, wherel <p <ocoandq=p/(p—1).

Lemma 1.2 (3, Theorem 1.29]). Let X be any of the spaces ¢y, ¢, £ 01 £, (1 < p < 00). Then, we have || - ||x = || - lIxs on X5,
where || - ||xs denotes the natural norm on the dual space X5.
Lemma 1.3 ([8, Lemma 15(a), (b)]). Let X D ¢ and Y be BK-spaces. Then, we have

(a) (X,Y) C B(X,Y), that is, every matrix A € (X, Y) defines an operator L, € B(X,Y) by La(x) = Ax forallx € X.
(b) If X has AK, then B(X,Y) C (X,Y), that is, for every operator L € B(X, Y) there exists a matrix A € (X, Y) such that
L(x) = Ax for all x € X.

Furthermore, we have the following results on the operator norms.

Lemma 1.4 ([9, Lemma 5.2]). Let X D ¢ be a BK-space and Y be any of the spaces co, ¢ or £..If A € (X, Y), then

ILall = Al x,e0c) = sup [l Anllx < 0.
n
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