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a b s t r a c t

A nonlinear beam equation describing the transversal vibrations of a beam with boundary
feedback is considered. The boundary feedback involves a fractional derivative. We discuss
the asymptotic behavior of solutions. In fact, we prove that solutions blow up in finite time
under certain assumptions on the nonlinearity.
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1. Introduction and description of the model

In this paper we study the behavior of solutions to the following nonlinear beam equation with fractional damping at
the boundary

utt + 12u + 1g(1u) = 0, x ∈ �, t > 0

u =
∂u
∂ν

= 0, x ∈ 01, t > 0
1u = 0, x ∈ 00, t > 0
∂1u
∂ν

=
c

0(β)

∫ t

0
(t − s)β−1utds − au, x ∈ 00, t > 0

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ �

(1)

where � is a bounded domain in Rn with smooth boundary ∂�. The boundary is divided into 00 and 01 in such a way
that ∂� = 00 ∪ 01, 00 ∩ 01 = ∅ and λn−1(01) > 0 where λn−1 denotes the (n − 1)-dimensional Lebesgue measure on
the boundary ∂�. The initial data u0(x) and u1(x) are given functions, g(s) is a given nonlinear function, ∂/∂ν denotes the
outward normal derivative and 0(.) is the usual Euler gamma function. The constants a and c are positive and the power β
in the integral term is such that 0 < β < 1.

This problem is known as the Euler–Bernoulli beam problem and describes the transversal vibrations of a beam. Here
the control is a torque applied on a part of the boundary of the beam. The integral term in the boundary condition is a time
fractional derivative of u of order 1 − β . It represents a boundary feedback which helps reduce the effect of the reflected
waves. In fact, it is a boundary damping. Therefore, it is important to have an idea of the sufficient conditions which make
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the nonlinear source take it over this dissipation and drive the system to blow up in finite time. We recall that the fractional
derivative of w(t) of order α in the sense of Caputo (see [1]) is defined by

∂α
t w(t) =

1
0(1 − α)

∫ t

0
(t − s)−α d

ds
w(s)ds, 0 < α < 1

provided that the integral exists. The reader is referred to the books [2,1,3] for more details about derivatives and integrals
of fractional order.

The well-posedness as well as the stabilization of the Euler–Bernoulli beam with this control (but without the
nonlinearity, i.e. g = 0), have been discussed in [4]. The present authors proved an exponential growth result for problem
(1) with a polynomial source (instead of the term 1g(1u)) at the boundary in [5]. Furthermore, they studied the case when
the polynomial source acts on all of the domain and proved a blow-up result in [6]. There are several results more or less
related to the present problem. We refer the reader to [7–18] and the references cited therein. It is worth mentioning the
works [19,20] where blow up results are established for problemswith internal dampings and similar nonlinearities as ours.

In the present paper, we prove blow-up of solutions in finite time to problem (1). To this end, we appeal to the method
used in [20] instead of the familiar ‘‘concavity method’’ [21,22]. For that, we need to establish a differential inequality
y

′′

+ y
′

≥ ct1−m(y
′

+ y)α , where c is a positive constant, 1 < m ≤ 2, α > 1, for a suitable twice differentiable function y(t).
Our paper is organized as follows: In Section 2, we present some notations and lemmas which will be needed in the

sequel. In Section 3, we state and prove the blow-up result.

2. Preliminaries

In this section we recall some definitions and lemmas which will be useful in deriving our result. We begin this section
with an existence and uniqueness theorem for the problem (1).

Theorem 1. Suppose that u0 ∈ H2
01

(�), u1 ∈ L2(�) and g ∈ C2(R). Then the problem (1) has a unique weak solution
u ∈ C([0, T );H2

01
(�)) ∩ C1([0, T ); L2(�)), where [0, T ) is a maximal time interval and H2

01
(�) denotes

H2
01

(�) :=

w ∈ H2(�) : w = ∂w/∂ν = 0 on 01


.

This theorem can be proved using a similar argument to the one in [13–15,4,9] (for the case n = 1 see [15,4]). Let us
define the classical energy associated to problem (1) by

E(t) :=
1
2

∫
�

(u2
t + |1u|2)dx +

∫
�

G(1u)dx −
a
2

∫
00

|u|2dσ ,

where G(t) =
 t
0 g(s)ds. We will assume, without loss of generality, that a = 1 and c = 1. Multiplying the equation in (1)

by ut and integrating over � we obtain
dE(t)
dt

= −
1

0(β)

∫
00

ut

∫ t

0
(t − s)β−1utdsdσ .

Replacing t by s and s by z, then integrating from 0 to t , we get

E(t) − E(0) = −
1

0(β)

∫ t

0

∫
00

ut

∫ s

0
(s − z)β−1uz(z)dzdσds. (2)

Clearly,
E(t) ≤ E(0) for all t ≥ 0, (3)

because tβ−1, 0 < β < 1 is a positive definite function.

Lemma 1 (Young Inequality, See [23]). Let f ∈ Lp(R) and g ∈ Lq(R) with 1 ≤ p, q ≤ ∞ and 1
r =

1
p +

1
q − 1 ≥ 0. Then

f ∗ g ∈ Lr(R) and

‖f ∗ g‖Lr ≤ ‖f ‖Lp‖g‖Lq .

Lemma 2 (See [24]). Let � be a regular and bounded domain and define the Hilbert space H1
01

(�) by

H1
01

(�) =

u ∈ H1(�), u|01 = 0


.

Then,

H1
01

(�) ↩→ Lp(00) for 2 ≤ p < r

with r =


2(n − 1)
n − 2

if n ≥ 3

+∞ if n = 1, 2.
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