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1. Introduction

In 1974, Bazykin proposed a predator-prey model:

dx XY

K =t — XY

dt 14+ aX 1)
dy dxy

— = — 7Y,

dt 1+ aX

where X and Y represent the densities of the prey and the predator, respectively, k, m, e, d, ¢ are positive parameters
describing the behavior of isolated populations and their interaction, and « is a nonnegative parameter determining the
saturation of predator. In the limit case, i.e. « = 0, system (1) becomes

dx
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which is a prey-dependent predator-prey model. We refer the reader to [1-10] and the references therein for detailed
background and related studies on systems (1) and (2). In the special case where e = m + d, system (2) becomes
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dt
dy
dt
where & = k/m is called the carrying capacity, which is a susceptible-infected epidemic model; see for example [11] and
the references therein.
By suitable scaling changes, it follows from system (2) that

dx X+Y
— =kX 1—T — dXy,

=dXy —cY,

d

a = Au— au® — buv = fi(u, v),

o 3)
P v(u—1 = fH(u,v),

where the parameters X, a and b are positive constants. It is easy to see that system (2) has a positive steady-state if and
only if A > q, in the case, the positive steady-state (u, v) is uniquely determined by

<**>—(1 ““)
u,v) = |1, 5 .

To take into account the inhomogeneous distribution of the prey and predator in different spatial locations within a
fixed bounded domain at any given time, and the natural tendency of each species to diffuse to areas of smaller population
concentration, we are led to the following PDE system of the reaction-diffusion type:

u —diAu = fi(u, v) in 2 x (0, +00),
vy — dyAv = fr(u, v) in £ x (0, 400), 4)
du=09d,v=0 on 082 x (0, +00),

u(x,0) =uy >0, v(x,0) = vy >0 ing x (0,+00),

where £2 C RN is a bounded domain with smooth boundary 82, v is the outward unit normal vector on 92, 9, = % The
homogeneous Neumann boundary condition indicates that this system is self-contained with zero population flux across
the boundary. The constants d; and d,, called diffusion coefficients, are positive. It is obvious that (i, v) is the only positive
constant solution of (4) if A > a.

For sake of convenience, we assume d; = d, = 1. Then the stationary problem of (4) can be written as

—Au=Au—au® —buv in$,
—Av=v@u—1) in 2, (5)
u=09d,v=0 onds2,

where the parameters A, a and b are positive constants. By a standard analysis, one can show that problem (5) has no non-
constant positive solution (cf. [12]).
Motivated by [13-15], in the present paper, we consider problem (5) in a spatially heterogeneous environment:

—Au=Au— a(x)u2 — buv in 2,
—Av=v(@u-—-1) in £2, (6)
u=20,v=0 onds2,
where the parameters A and b are positive constants, and a(x) is a nonconstant, continuous function satisfying one of the
following conditions:
(H1) a(x) > Oon L. L
(H2) a(x) =0o0n 29 C 2 and a(x) > 01in £2 \ §2o, where £2q is a simply connected domain with smooth boundary.

The region where a(x) vanishes may be referred to as the “competition free zone” for the prey (cf. [15]).

We are concerned with existence and asymptotic behavior of positive solutions for problem (6). Before stating our results,
we introduce some notations. For any ¢ € C(£2), we denote by Alg (¢) and )»?’N(qﬁ) the first eigenvalues of the operator
—A + ¢ in £2 with the homogeneous Dirichlet boundary condition and Neumann boundary condition, respectively. For
simplicity, we write A% (0) = A% and A" (0) = A", It is well known that A2 () > A" (¢), and 1§ (¢) and 1" () are
all continuous and strict increasing in ¢, i.e. if ¢1 < ¢, and ¢; # ¢, then

MW@ <27 (@), AN < 27N (9).
Moreover, A? (¢) is strictly decreasing in £2, i.e. if £2; C £2, and £ # §2,, then )\f’ > Afz.
We will study the existence in the following three cases:

(i) (H1) holds and A > 0;
(ii) (H2) holds and A < A%;
(iii) (H2) holds and A > A%,
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