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1. Introduction

In this article we are concerned with the existence of ground states of the following 1D Schrédinger-Poisson problem

i0u = —0fu+ % (Ix] % (€ — [ul*))u — f(lul)u, x€R. (1.1)

Here, C denotes the fixed positively charged background ions or impurities (in what follows, will be referred to as the doping
profile) and it is assumed to be a (positive) regular function with compact support; the non-local term takes into account
the coupling with the Poisson equation; and the term f (|u|?)u represents a local interaction (which is intended to take into
account the Pauli exclusion principle for fermions). For further details in the (semiconductors) model problem, from both
of physical or mathematical nature, see [1] and the references therein.

The existence of solitons is currently regarded as one of the most interesting research topics in modern nonlinear
wave theory [2-4]. Actually, in the nonlinear Schrédinger equation id,u = —d2u + g(u), the global existence has
been widely studied from the earlier works of Strauss [5], Ginibre-Velo [6], Berestycki-Lions [7], Weinstein [8] - mainly
concerned with local interactions - including the later works of Tsutsumi [9], Ogawa-Tsutsumi [ 10], to the recent works of
Wei-Chen [11] and Borgna [12]. However, in low dimensions the coupling with the Poisson equation appears as a delicate
problem mainly due to the treatment of low frequencies; actually, the existence of global solutions in such a case was first
given by Steinriick [13] who only considered the related Hartree type potential, then by Stimming [14] who adapted the
proof given by the former in order to include the exchange potential, and later on by De Leo-Rial [1] extended the result to
the semiconductor model including the doping profile into the Poisson equation (and also improved the decay at infinity
requirements).
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We finally recall that ground states of the system are, by definition (see, for instance, [7]), minimizers of the energy
functional subject to constraints on conserved functionals associated with symmetries of the system; in addition, for physical
reasons, ground states are sometimes asked to be positive real functions. On the other hand, any solution of (1.1) (i.e., a
standing wave) of the form u(x, t) = e *¢(x) leads to a solution ¢ of the following nonlinear Euclidean scalar field
equation:

1
L) = =3¢ + 5 (IxI* (e = 191%) & = f(91))p = 1o, (1.2)

where A is a real constant.

This work is organized as follows: in Section 2 we fix some notation and give a list of useful results. In Section 3 we show
that the constrained variational problem related to the energy yields a solution of the problem given by (1.2) while Section 4
is devoted to the existence of minimizers in the working space and its regularity:

Theorems 4.1 and 4.3. Let S, = {¢p € F : ||¢||f2 = b}. Assume that b < ||C||1. Then there exists a positive real function ¢y
such that E(¢p) = min{E(¢) : ¢ € Sp}.

Theorem 4.2. Let ¢, be the ground state given by Theorem 4.1 (subcritical case). Then ¢y, belongs to the Schwartz space of rapidly
decreasing functions.

2. Preliminaries

Notation. Throughout this article we will use the following notation.

e H' :={p e*: [(1+|kI>)'?|F (¢)|* < co}. Where F (-) represents the Fourier transform.

e §:={peC®:V0<r,s, sup|x|"|d;¢| < 4oco} the Schwartz space of rapidly decreasing functions.
o 2 :={pel’: [l u®? < oo}, where u(x) := (14 x>

o H =H'NL.

o - W5 =1l gy + I - I norm in 3¢.

| - lIx norm in X, a Banach space different from J¢.
Results. We will make use of the following lemmas, mainly concerned with compactness properties.

Lemma 2.1. Let 1 < p < oo. Let {fi}j € ] € LP(R) be a bounded sequence such that
e Ve > 0, there exists R > 0 such that Vj € ], f\x\>R IfilP < €P. Mass is uniformly located.
e Ve > 0 there exists § > 0 such that V|h| < §, f [fi(x + h) — f(x)|Pdx < &P. Prevents concentration.

p
Then, there exist f € LP and a sequence f, such that f, L f.
Proof. See [15], Theorem 2.32. O

Lemma 2.2. The imbedding # < L? is compact.
Proof. Let {g,},en < J#, be a bounded sequence, and take M > 0 such that ||g,|| < M. Since, f\x|>R lgnl? < R

f\X\>R IX||g.]? < R‘1||gn||f2 < R7Ygul3, < RT'M?, the mass is uniformly located. On the other hand, the inequality
m

Ji lgn(x + h) — g.(0)|* < Ch? lgnll?, < Ch*M?, prevents concentration. Therefore, the proof follows from Lemma 2.1. O

Lemma 2.3. Let ¢, € L? be such that |¢ ;2 = 1. Then it only may occur one of the following situations.

(a) There exist a number Ry € R, a sequence R, — oo, and two subsequences ¢,§"> € I?,k = 1,2, such that ¢, = ,51) + ¢r(,2),
where ¢ 1verifies, :
o Supp(¢y”) € [—Ro. Rol. lIgs" 2 =1~y

o Supp(¢”) € R — [—Rn, Ral, 647 ll2 = v,
and0 <y < 1.
(b) For each I interval such that |I| < oo and each ¢ > 0 there exists ng such that for n > nq

/|¢n|2 <e.
I

(c) Foreach e > 0 there exists R = R(e) > 0 such that

/ o> = 1—e.
[RR]

Proof. See [16],Lemmal,1l. O
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