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a b s t r a c t

In this paper, we consider the local existence of solutions to the Cauchy problems for the
following nonlinear evolution equations with mixed types{

ψt = −(1− α)ψ − θx + αψxx,
θt = −(1− α)θ + γψx + 2ψθx + αθxx,

with initial data

(ψ, θ)(x, 0) = (ψ0(x), θ0(x))→ (ψ±, θ±), as x→±∞,

whereα and γ are positive constants satisfyingα < 1, γ < α(1−α). Through constructing
an approximation solution sequence, we obtain the local existence by using the contraction
mapping principle.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

In physical and mechanical fields, many phenomena can be modeled by systems of nonlinear interaction between
ellipticity and dissipation. Due to their complexity, these systems are far fromwell understood. A set of simplified equations
was thus proposed by Hsieh in [1]:{

ψt = −(σ − α)ψ − σθx + αψxx,
θt = −(1− β)θ + γψx + 2ψθx + βθxx,

(1.1)

where α, β , σ and γ are positive constants satisfying α < σ , β < 1. The complexity of system (1.1) can be explained by a
rough argument. If we ignore the damping and diffusion terms temporarily, the system (1.1) becomes:{

ψt = −σθx,
θt = γψx + 2ψθx.

(1.2)

We can find that the system (1.2) is elliptic for |ψ | <
√
σγ and hyperbolic, otherwise. Around the zero equilibrium, the

system (1.2) subject to initial small disturbances is unstable due to ellipticity, and the inherent instability will cause growth
of |ψ | if it overcomes the effect of damping and diffusion terms. But when |ψ | >

√
σγ , the system is hyperbolic and ψ

ceases to grow.Moreover, the dissipative termswould tend to draw the systemback to the elliptic regime; then a ‘‘switching
back and forth’’ phenomenon is expected due to the interplay between ellipticity, hyperbolicity and dissipation for suitable
coefficients, whichmakes the system (1.2) quite complicated. There are only a few rigorous results available so far regarding
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this phenomenon, cf. [2–5]. Jian and Chen in [3] first obtained the existence result for the following modified form of the
system (1.1){

ψt = −(σ − α)ψ − σθx + αψxx,
θt = −(1− β)θ + γψx + (ψθ)x + βθxx.

(1.3)

Tang and Zhao in [4] discussed the Cauchy problem of the system (1.1) with α = β and σ = 1{
ψt = −(1− α)ψ − θx + αψxx,
θt = −(1− α)θ + γψx + 2ψθx + αθxx,

(1.4)

with initial data

(ψ, θ)(x, 0) = (ψ0(x), θ0(x))→ (0, 0), as x→±∞. (1.5)

They obtained the global existence and decay rates of the solutions to the system (1.4)–(1.5) under the assumption γ <
4α(1− α) and the initial data

(ψ0(x), θ0(x)) ∈ L2 ∩W 1,∞(R,R2).

Zhu and Wang in [5] considered the system (1.4) with more generalized initial data

(ψ, θ)(x, 0) = (ψ0(x), θ0(x))→ (ψ±, θ±), as x→±∞, (1.6)

and they also obtained the global existence and decay rates under the assumption of small initial data. Observing the results
obtained in [4,5], we can find out that the assumptions imposed on the initial data mean that the system (1.4) is elliptic.
But for the system (1.4) with mixed types, i.e., ellipticity and hyperbolicity, the global existence of the solution is an open
problem. In order to get the global existence of the solutions to (1.4) with mixed types, obtaining the local existence is the
first and essential step, which is the main purpose of this paper. Speaking roughly, we get the local existence of solutions
to (1.4) with mixed types by constructing an approximation solution sequence and by the contraction mapping principle in
this paper.
Before stating our results precisely, we introduce the following notations.

Notations: Hereafter, we denote several generic positive constants depending on a, b, . . . by Ca,b,... or only by C or O(1)
without any confusion and δ := |ψ+ − ψ−| + |θ+ − θ−|. Lp = Lp(R)(1 ≤ p ≤ ∞) denotes the usual Lebesgue space with
the norm

‖f ‖Lp =
(∫

R
|f (x)|pdx

) 1
p

, 1 ≤ p <∞,

‖f ‖L∞ = sup
R
|f (x)|,

and the integral region Rwill be omitted without any confusion. H l (l ≥ 0) denotes the usual lth-order Sobolev space with
the norm

‖f ‖H l =

(
l∑
j=0

‖∂ jxf ‖
2

) 1
2

.

For simplicity, ‖f (·, t)‖Lp and ‖f (·, t)‖H l are denoted by ‖f (t)‖Lp and ‖f (t)‖H l respectively.
First, we reformulate the system (1.4)–(1.6).
As in [4,5], we introduce the following system{

ψ̄t = −(1− α)ψ̄ − θ̄x + αψ̄xx,
−(1− α)θ̄ + γ ψ̄x = 0,

(1.7)

or 
ψ̄t = −(1− α)ψ̄ +

(
α −

γ

1− α

)
ψ̄xx,

θ̄ =
γ

1− α
ψ̄x,

(1.8)

where the diffusion equation is obtained by Darcy’s law, cf. [6,7].
By direct calculation, the solutions of (1.8) can be written explicitly as

ψ̄(x, t) = e−(1−α)t
(
(ψ+ − ψ−)

∫ x

−∞

G(y, t + 1)dy+ ψ−

)
, (1.9)
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