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1. Introduction

Let (M, g) be a compact n-dimensional Riemannian manifold with n > 3 and k, K, h be real smooth functions on M with
K > 0.Forp € (1, n), we consider the equation

A+ k[ulP~2u =K [ul" "2 u+ 1 |ul"2u+ eh (1.1)

where A > 0is a real parameter and € > 0 is a sufficiently small real number, A,u = —divg(|Vu|g_2 Vu) denotes the
p-Laplacian operator, p* = % the critical Sobolev exponent and q a real number such that p < g < p*. Let Hf (M) be the
Sobolev space defined as the completion of C°° (M), the space of smooth functions on M, with respect to the norm

lullyp = IVull, + flull, -

Such equation is nonlinear, of degenerated elliptic type, and of critical Sobolev growth.
Motivations for studying equation like (1.1) come from various situations in differential geometry and physics in lacking
compactness. A typical example is the Yamabe problem i.e. find a function u > 0 on the manifold M such that

n—1 , ne2
4—— Au+ R(X)u = Run-2
n—2
for some constant R'. R(x) is the scalar curvature.
In [1] Druet studied the existence of positive solutions u > 0 to the so-called generalized scalar curvature type equation

Aput + k(uP~! = K(xuP .
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Since p* is the critical Sobolev growth for which the embedding Hf (M) < IP"(M) fails to be compact, there
are serious difficulties in applying variational methods. Nevertheless, many existence results have been established by
solving the subcritical equations and then converging the sequence of subcritical solutions to the critical solution under
nonconcentration-compactness conditions. This technique goes to Yamabe himself. In the case of quasilinear equations on
manifolds a good reference may be the paper of Druet [1].

The investigation of multiple solutions to semi-linear or quasilinear elliptic equations has drawn the attention of many
authors. We quote the work of Ambrossetti-Garcia Azorero-Peral Alonso [2] and Atorero-Peral Alonso [3]. In the context of
Riemannian manifolds we mention the works of Hebey-Vaugon [4,5] and also the worthy papers of Rauzy [6,7], where he
considered scalar curvature equations with changing right-hand side sign.

In this paper, we investigate existence and multiplicity of positive solutions to (1.1). We show, under some conditions
on the operator Lu = Apu + k |u|P~% u and on the functions K, h, the existence of at least two positive solutions of (1.1)
of class C1"%(M). Firstly, these solutions are obtained without using concentration-compactness methods but for a range of
sufficiently large parameters A > 0. Secondly, the solutions are established independently of the positive parameter A via
the concentration-compactness techniques. We conclude our paper by a nonexistence result of positive solution to (1.1).

We assume in what follows that the operator Lu = A,u +k [u|P~2 u is coercive in the sense that there exists A > 0 such
that

/M (IVulP +k|ul’) dvg = Aljul’,, ueHI(M).

The main results of this paper state as follows

Theorem 1. Let (M, g) be a compact Riemannian n-manifold,n > 3,p € (1,n) and areal q suchthatp < q < p*and k, K, h
be smooth real functions on M with

(i) K(x) > 0, h > 0, everywhere on M

(ii) the operator L(u) = Apu + k(x) [u|P~2 u is coercive.

Then there exist A, > 0 and €, > 0 such that (1.1) admits, for any A > A, and any 0 < € < €,, at least two distinct positive
solutions of class C'%, for some o € (0, 1).

Theorem 2. Let (M, g) be a compact Riemannian n-manifold, n > 3,p € (1, n) such that p> < n,p < q < p* and k, K, h be
smooth real functions on M with

(i) K(x) > 0and h(x) > 0 everywhere on M

(ii) the operator L(u) = Apu + k(x) [ulP~2 u is coercive.

Let x, be the maximum point of the function K on M i.e. K(x,) = maxyey K(x). Suppose that one of the following conditions
are satisfied

M1<p<2,n—3p+2>0andk(x,) <O.

(2) p = 2, 2 k(xo) — Scal(xo) + 524 < 0.

3)p>2 A,fif(’;‘;) < i Seal(x,).

Then (1.1) admits, for sufficiently small € > 0, at least two distinct positive solutions of class C':%, for some a € (0, 1).

1.1. Preliminary results

First we quote a regularity and a strong maximum principle results about equations involving p-Laplacian. The theorems
have their origin in Tolksdorf, Gedda-Veron, and Vazquez results in the Euclidean context and have extended to compact
manifolds by Druet [1].

Theorem 3 (C!*-regularity). Let (M, g) be a compact Riemannian n-manifold,n > 2, p € (1,n), and let f € C°(M x R) be a
real function such that

Yx,r) eM xR, |fxn|<Clr”'+D

where C and D are positive constants.
Ifue Hf(M) is a weak solution of Ay,u+f(x,u) =0
thenu e CH*(M), for some0 < o < 1.

Theorem 4 (Strong Maximum Principle). Let (M, g) be a compact Riemannian n-manifold,n > 2, p € (1, n). Let u € C'(M) be
such that
Apu+f(.,u) > 0onM and the continuous f on M x Ris such that

fix,r) < f(x,5s), VxeM,VO<r<s
fx. ) <CB+IrP?)[rl, V& r)eMxR

where C and B are positive constants.
If u > 0on M and u does not vanish identically, then u > 0 everywhere on M.
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