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1. Introduction

In the present paper we establish a new result concerning the existence of solution for the nonlinear semi-linear problem
—Au=Af(x,u) inRN, (1.1)
u>0 inR", u(x) — 0, |x|] — oo, ’

where f : R¥ x (0, c0) — [0, 00) is a continuous function and A > 0 is a real parameter.

The class of problems (1.1) appears in many nonlinear phenomena, for instance, in the theory of quasi-regular and quasi-
conformal mappings [ 1-3], in the generalized reaction-diffusion theory [4], in the turbulent flow of a gas in porous medium
and in the Newtonian fluid theory [5].

It follows by the non-negativity of the function f, of parameter A and a strong maximum principle that all non-negative
and non-trivial solutions of (1.1) must be strictly positive (see Serrin and Zou [6]). So, again from [6], it follows that (1.1)
admits solutions if and only if N > 3.

The particular case f (x, u) = b(x)g(u), where b : RN — (0, 00) is locally Holder continuous and g : (0, 00) — (0, 00) is
a C! suitable function has been considered in (1.1) in recent years by a number of authors. More specifically, the problem:

—Au = Ab(x)g(u) inRY, 12
u>0 inRY, ukx) —0, |x— oo. (1.2)
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Consider the hypotheses under b:
(b1) ffo th(t)dt < oo, where b(t) = max= b(x), fort > 0,
(b,) the problem

—Au =b(x) inRV,
u>0 inR", ux) > 0, |x| - 00

has a unique solution w; € C,OC ®RY).
Also concerning g:

(g1) g is non-increasing, (82) limg(t) =

(g3) g is bounded in a neighborhood at co, (g4) 11m ‘%t) 00,

(g5) g(t) is decreasing for some ¢ > 0, (g6) $ is decreasing,

(&) hms“"& — (g) Jim 80 _y,
t—>00 llws lloo ¢

A brief overview. The problem (1.2), with A = 1, has been studied and ground state solutions have been established by
a number of authors. Lair and Shaker [7] and Zhang [8] proved that the problem (1.2) has a solution under (g;) and (g,)
hypotheses. Feng and Liu in [9] established a solution for (1.2) if (g;) and (g3) hold. Cirstea and Radulescu in [10] showed
that (1.2) has a unique ground state if (g3), (g4) and (gs) are satisfied. Goncalves and Santos in [11] improved the earlier
results because under assumptions (g4), (g6) and (gg) proved the existence of solutions for (1.2). Zhang in [12] improved all
earlier results because he assumed only (g4), (gg) and non-monotonicity condition was required.

To complete the overview, first we consider the following eigenvalue problem

(1.4)

—Au=Ap(X)u inf2,
u>0 ing2, u=0 onas2,

where £2 is a bounded smooth domain of RN and p # 0 is a non-negative function locally Hélder continuous.
It is known that the first eigenvalue variational A; = Aq(p, §2) satisfies A1(p, £21) > A1(p, §2;) if 27 C £2,. So there
exists

r(p) = klingc *1(p, Br(0)) € [0, 00), (1.5)

where By (0) is the ball centered at the origin and radius k = 1, 2, .. .. Additionally, A1 (p) is positive if (b;) is satisfied with
p in the place of b.
Now, [ suppose

(f1) f(x, s) is locally Holder continuous em RY x (0, oo) and continuous differentiable in the variable s,

(f,) f(x,s) < b(x)g(s) forall (x,s) € RN x (0, 0o) forsome b : RN — [0, 00),b # 0andg : (0, 0o) — (0, co) continuous
functions,

(f3) f(x,s) > a(x)h(s) forall (x,s) € RN x (0, sy) forsome 0 < sy < 1,a: RN — [0, 00),a # 0and h : (0, so) — (0, 00)
continuous functions.

In a recent result A. Mohammed [13] improved all earlier results about the existence of ground state solutions for
problems like (1.1), which includes (1.2) as a particular case, because he proved the existence under (f), (f;) and (f3)
hypotheses with a and b strictly positive, b satisfying (b,), h(s) = As, s > 0 with A > A{(a, B;(0)) and g as in (g7).

To state our main result we will establish the following notations

g(s)

h
ho_hmﬂe(o oo] and goo_llm—e[o oo].
s

Theorem 1.1. Suppose (f;)-(f3) with b satisfying (b,) hold. Then the problem (1.1) has a solution u = u, € C>(RN) if either

(1) oo < 00 and A1(a)/ho < A < 1/gcllwplleo, OF
(ii) goo = 00, hg = 00 and 0 < A < A%, for some A* > 0.

Additionally, if (by) holds then there exist c, d > 0 constants such that
clxP N <ue) < dxPN, X =1

Theorem 1.1 completes the principal result of Mohammed in [13] not only because it permits super-linear nonlinearities at
infinity but also because the terms a and b are not assumed to be positive throughout RV,
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