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1. Introduction

Throughout this paper, we denote by E and E* a real Banach space and the dual space of E, respectively. Let C be a subset
of Eand T be a self—mapping*ofC. We use F(T) to denote the fixed points of T. Let ¢ > 1 be a real number. The (generalized)
duality mapping J; : E — 2F is defined by

Jo&) = {x* € E*: (x,x*) = [xI|7, |x*| = [xI1"""}, VxeE.
In particular, | = J, is called the normalized duality mapping and J;(x) = 1x11972 Jo(x) for x = 0.If E is a Hilbert space, then

J =1, where I is the identity mapping. It is well known that if E is smooth, then J is single-valued, which is denoted by j,.
Recall that T is a nonexpansive mapping if

ITx = Tyl < lx =yl (1.1)
forallx,y € C.
A mapping T is called a pseudo-contraction, if there exists some j,(x — y) € Jq(x — y) such that
(Tx — Ty, jg(x — y)) < lIx =yl (1.2)

forallx,y € C.
T is said to be a A-strict pseudo-contraction in the terminology of Browder and Petryshyn [1], if there exists a constant
XA > 0 such that

(Tx =Ty, jgx —y)) < Ix —yI* = A0 = T)x— I — Tyll", (1.3)

for every x,y € C and for some jo(x — y) € J;(x — ¥).
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Let C be a nonempty closed convex subset of a real Hilbert space H,and T : C — C be a mapping. T is said to be a k-strict
pseudo-contraction in the sense of Browder and Petryshyn [1], if there exists a k¥ € [0, 1) such that

ITx — TylI* < lIx — ylI* + & |0 — T)x — (I = Tyl?, (1.4)

forevery x,y € C.
T is said to be a strong pseudo-contraction if there exists k € (0, 1) such that

(Tx — Ty jgx —y)) <k llx — y[1%, (1.5)
forevery x,y € C.

Remark 1.1. From (1.3) we can prove that if T is A-strict pseudo-contractive, then T is Lipschitz continuous with the
Lipschitz constant L = % The class of strongly pseudo-contractive mappings is independent of the class of A-strict pseudo-

contractions (see, e. g., Zhou [2]).
A self-mapping f : C — C is a contraction on C, if there exists a constant & € (0, 1) such that

IFC) —fWI =alix=yll, Vx,yeC.

We use [ [ to denote the collection of all contractions on C. That is, [ [ = {f|f : C — C a contraction}.
Let S(E) = {x € E : ||x]| = 1}. Then the norm of E is said to be Gateaux differentiable if

lim lIx + tyll — Il (A)
t—0 t

exists for each x, y € S(E). In this case, E is said to be smooth. The norm of E is said to be uniformly Gateaux differentiable
if, for each y € S(E), the limit (A) is attained uniformly for x € S(E). The norm of the E is said to be Fréchet differentiable, if
for each x € S(E), the limit (A) is attained uniformly for y € S(E). The norm of E is called uniformly Fréchet differentiable,
if the limit (A) is attained uniformly for x, y € S(E). It is well known that (uniform) Fréchet differentiability of the norm of
E implies (uniform) Gateaux differentiability of norm of E.

A Banach space E is said to be strictly convex if, whenever x and y are not colinear, ||x + y|| < [|x|| + |l¥Il.

Let pf : [0, 00) —> [0, c0) be the modulus of smoothness of E defined by

1
pE(t) = sup {2(||X +yl+lx=yl) —1:xeSE), [yl < f} .

ABanach space E is said to be uniformly smooth if ”%“) — 0ast — 0.ABanach spaceE is said to be g-uniformly smooth,
if there exists a fixed constant ¢ > 0 such that pg(t) < ct?. It is well known that E is uniformly smooth if and only if the
norm of E is uniformly Fréchet differentiable. If E is g-uniformly smooth, then g < 2 and E is uniformly smooth, and hence
the norm of E is uniformly Fréchet differentiable, in particular, the norm of E is Fréchet differentiable. Typical examples of
both uniformly convex and uniformly smooth Banach spaces are L”, where p > 1. More precisely, L? is min {p, 2}-uniformly
smooth for every p > 1.

Recall that, if C and D are nonempty subsets of a Banach space E such that C is nonempty closed convex and D C C, then
amapping Q : C —> D is sunny [3] provided

Qx+t(x—Qx))=Q(x) forallx e Candt > 0,
wheneverx+t(x—Q (x)) € C.Asunny nonexpansive retraction is a sunny retraction, which is also a nonexpansive mapping.
In a real g-uniformly smooth Banach space, Xu [4] proved the important inequality.

Lemma 1.2. Let E be a real g-uniformly smooth Banach space, then there exists a constant Cq > 0 such that

Ix+ 1% < 1%+ qy.jgx) + Cq Iy11%.
forallx,y € E. In particular, if E is real 2-uniformly smooth Banach space, then there exists a best smooth constant K > 0 such
that

Ix+y1? < x> +2 (y.jx) + 2 [|Ky[|*,
forallx,y € E.

The relation between the A-strict pseudo-contractive mapping and the nonexpansive mapping can be obtained from the
following Lemma.

Lemma 1.3 ([5]). Let C be a nonempty convex subset of a real q-uniformly smooth Banach space E and T : C — C be a A-strict
1

pseudo-contraction. For a € (0, 1), we define T,x = (1 —a)x+ aTx. Then,as @ € (0, i], © = min { 1, {%}"T1 } T,:C—>C

is nonexpansive such that F(T,) = F(T).



Download English Version:

https://daneshyari.com/en/article/842202

Download Persian Version:

https://daneshyari.com/article/842202

Daneshyari.com


https://daneshyari.com/en/article/842202
https://daneshyari.com/article/842202
https://daneshyari.com

