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a b s t r a c t

This paper is concerned with delay coupled systems of parabolic equations with nonlocal
and nonlinear boundary conditions. For them, a new and general comparison principle is
established, which is more general and useful than the existing results.
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1. Introduction

It is well known that various comparison principles play key roles in the study of many mathematical problems; cf.,
e.g. [1–7,9,10]. Stimulated by these works, in this paper, we focus our attention on establishing a new comparison principle
for a class of delay coupled systems of parabolic equations with nonlocal and nonlinear boundary conditions. As one will see,
our results improve many previous results since the boundary conditions involved here are nonlinear and the constant M
(in (H2) below) could be bigger than 1 when the volume ofΩ is bigger than 1.
Throughout this paper, we letΩ be a bounded domain with the boundary ∂Ω in Rn (n ≥ 1) and ∂

∂ν
denote the outward

normal derivative on ∂Ω . Let T , τi > 0 (i = 1, . . . ,N) and set:

DT := Ω × (0, T ),
D̄T := Ω̄ × [0, T ],

Q̄ (i)T := Ω̄ × [−τi, T ] (i = 1, . . . ,N),

Q̄T := Q̄
(1)
T × · · · × Q̄

(N)
T ,

ST := ∂Ω × (0, T ),
u = u(x, t) := (u1(x, t), . . . , uN(x, t)),
uτ = uτ (x, t) = (u1(x, t − τ1), . . . , uN(x, t − τN)) := (uτ1(x, t), . . . , uτN (x, t)).

Moreover, C1,2(DT ) denotes the set of functions which are once continuously differentiable in t and twice continuously
differentiable in x for (x, t) ∈ DT .
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Of concern is the following delay coupled systemof parabolic equationswith nonlocal and nonlinear boundary conditions
∂ui
∂t
− Liui = fi(x, t,u,uτ ) (t > 0, x ∈ Ω, i = 1, . . . ,N),

Biui =
∫
Ω

Ki(x, y, t,u(y, t))dy (t > 0, x ∈ ∂Ω, i = 1, . . . ,N),

ui(x, t) = ηi(x, t) (−τi ≤ t ≤ 0, x ∈ Ω, i = 1, . . . ,N),

(1.1)

where the operators Li and Bi are defined by

Li =
n∑

j,k=1

a(i)jk (x, t)
∂2

∂xj∂xk
+

n∑
j=1

b(i)j (x, t)
∂

∂xj
(i = 1, . . . ,N),

Bi = αi(x, t)
∂

∂ν
+ 1 (αi ≥ 0, i = 1, . . . ,N),

the functions fi(·,u, v) are continuously differentiable in u and v, and the functions Ki(x, y, t,u) are continuously
differentiable in u and suitably smooth in x, y, t, i = 1, . . . ,N .
Write

Ki(j) :=
∂Ki
∂uj
, i, j = 1, 2, . . . ,N.

The following hypotheses will be used in the next section.
(H1)

Ki(j)(x, y, t,u(y, t)) ≥ 0,∫
Ω

N∑
j=1

Ki(j)(x, y, t,u(y, t))dy < 1, x ∈ ∂Ω, y ∈ Ω, t > 0;

(H2) There isM > 0 such that 0 ≤ Ki(j)(x, y, t,u(y, t)) ≤ M, x ∈ ∂Ω, y ∈ Ω, t > 0.

2. Results and proofs

For the reader’s convenience, we recall two basic concepts first.

Definition 2.1. Write u, v in the split form,

u = (ui, [u]ai , [u]bi), v = ([v]ci , [v]di).

The vector function f(·,u, v) is said to bemixed quasi-monotone in some subset S of RN ×RN , if for each i = 1, . . . ,N , there
exist nonnegative integers ai, bi, ci and di with

ai + bi = N − 1, ci + di = N

such that fi(·, ui, [u]ai , [u]bi , [v]ci , [v]di) is nondecreasing with respect to the components of [u]ai and [v]ci , and is
nonincreasing with respect to the components of [u]bi and [v]di for all (u, v) ∈ S. In particular, f(·,u, v) is said to be quasi-
monotone nondecreasing in S if bi = di = 0 for i = 1, . . . ,N .

Lemma 2.2. Let (H1) hold, and bij + cij (i, j = 1, . . . ,N) be bounded in DT such that

bij + cij ≥ 0 (i 6= j, i, j = 1, . . . ,N).

Let ϕi(x, t) ≥ ψi(x, t) (i = 1, . . . ,N) and u = (u1, . . . , uN), v = (v1, . . . , vN) ∈ (C1,2(DT ) ∩ C(D̄T ))N satisfy

∂ui
∂t
− Liui ≥

N∑
j=1

bijuj −
N∑
j=1

cijvj + ϕi(x, t), (x, t) ∈ DT ,

∂vi

∂t
− Livi ≤

N∑
j=1

bijvj −
N∑
j=1

cijuj + ψi(x, t), (x, t) ∈ DT ,

Biui ≥
∫
Ω

Ki(x, y, t,u(y, t))dy, (x, t) ∈ ST ,

Bivi ≤
∫
Ω

Ki(x, y, t, v(y, t))dy, (x, t) ∈ ST ,

ui(x, 0) ≥ vi(x, 0), x ∈ Ω,

(2.1)

for every i = 1, . . . ,N. Then u(x, t) ≥ v(x, t) in DT .
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