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1. Introduction

It is well known that various comparison principles play key roles in the study of many mathematical problems; cf.,
e.g.[1-7,9,10]. Stimulated by these works, in this paper, we focus our attention on establishing a new comparison principle
for a class of delay coupled systems of parabolic equations with nonlocal and nonlinear boundary conditions. As one will see,
our results improve many previous results since the boundary conditions involved here are nonlinear and the constant M
(in (H2) below) could be bigger than 1 when the volume of §2 is bigger than 1.

Throughout this paper, we let £2 be a bounded domain with the boundary 92 in R" (n > 1) and :—U denote the outward
normal derivativeon 0£2.LetT,7; >0 (i=1,...,N) and set:

Dr == 2 x (0,7),

Dr == £ x [0, T],

QP =2 x[-t,T] (i=1,...,N),

=g xxq",

Sy =08 x (0, T),

u=ux,t) = W x,t),...,uyx,t))),

u =u.(xt) = Wt —11),...,unX, t —Ty)) = (U, (X, 1), ..., Uy (X, 1)).

Moreover, C''?(Dr) denotes the set of functions which are once continuously differentiable in t and twice continuously
differentiable in x for (x, t) € Dr.
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Of concern is the following delay coupled system of parabolic equations with nonlocal and nonlinear boundary conditions

ou;

a—t'—L,-u,-:fi(x,t,u,u,) (t>0,xeR,i=1,...,N),

Biui:/ Kix,y,t,u(y, )dy (t>0, x€d2, i=1,...,N), (1.1)
2

ui(x, t) = ni(x, t) (- <t=<0,xeR2,i=1,...,N),

where the operators L; and B; are defined by

noo 92 no 9
L= aV(x, t) —— PP, t)— (G=1.....N),
i ]’Z:] ) ( >8xjaxk+;]< )axj ( )

d
Bizdi(X,f)af+1 (¢i>0,i=1,...,N),
v

the functions f;(-, u,v) are continuously differentiable in u and v, and the functions K;(x, y, t, u) are continuously

differentiable in u and suitably smoothinx, y,t, i=1,...,N.
Write
K Wi o2 N
i = , L,j=1,2,...,N.
i) ou; J

The following hypotheses will be used in the next section.
(H1)
Kigy(x,y, t,u(y, t)) > 0,

N
/ Y Ky tu@, )dy <1, xedR, ye, t>0;
2 j=1
(H2) Thereis M > O suchthat0 < Kj;(x,y, t,u(y,t)) <M, x€ 902, ye £, t > 0.

2. Results and proofs

For the reader’s convenience, we recall two basic concepts first.
Definition 2.1. Write u, v in the split form,
u = (u, [ulg, [uly),  v= (vl [vlg).

The vector function f(-, u, v) is said to be mixed quasi-monotone in some subset 8 of RN x RN, if foreachi =1, ..., N, there
exist nonnegative integers a;, b;, ¢; and d; with

a+b=N-1, G+di=N

such that fi(, u;, [ulg, [uly,, [V], [V]lg;) is nondecreasing with respect to the components of [u],; and [v];, and is
nonincreasing with respect to the components of [u]y, and [v]g, for all (u, v) € 4. In particular, f(-, u, v) is said to be quasi-
monotone nondecreasing in § if b =d; = 0fori=1,...,N.

Lemma 2.2. Let (H;) hold, and b + ¢ (i,j = 1, ..., N) be bounded in Dy such that
bj+c¢ >0 (i#j, i,j=1,...,N).
Let gi(x,t) > Yi(x,t) (i=1,...,Nyandu= (uy, ..., uy), v= (v1,..., o) € (C"?(Dr) N C(D)N satisfy

au_ N N
371', — Liu; > Zb,‘ju]' — ZCU‘UJ‘ =+ (ﬂ,‘(X, t), (x,t)e Dy,
= =
a; N N
Tl Livi < Zbijvj — Zc,-juj + ¥i(x, t), (x,t) € Dr,
= = 2.1)
B > f Ki(x, y. ¢, u(y, £))dy, (x.0) €S,
2
By < / Kix. y. £, v(y, D)dy, (x.0) €51,
2
ui(X7 0) > Ui(x’ 0)7 X € .Q,

foreveryi=1,...,N.Thenu(x, t) > v(x, t) in Dr.
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