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Abstract

A characterization problem is discussed, of semigroups of locally Lipschitz operators providing mild solutions to the Cauchy
problem for the semilinear evolution equation of parabolic type u′(t) = (A+ B)u(t) for t > 0. By parabolic type we mean that the
operator A is the infinitesimal generator of an analytic (C0) semigroup on a general Banach space X . The operator B is assumed
to be locally continuous from a subset of Y into X , where Y is a Banach space which is contained in X and has a stronger norm
defined through a fractional power of −A. The characterization is applied to the global solvability of the mixed problem for the
complex Ginzburg–Landau equation.
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1. Introduction

Let X be a general Banach space with norm ‖ · ‖ and D a subset of X . By a semigroup on D we mean a one-
parameter family {S(t); t ≥ 0} of operators from D into itself satisfying the so-called semigroup property and the
strong continuity in t ≥ 0. In order to develop a general theory of nonlinear semigroups, it is necessary to consider the
continuity of the operators S(t) in an appropriate way. In this paper, a vector-valued functional ϕ = (ϕi )

n
i=1, satisfying

that ϕi : X → [0,∞] and the effective domain D(ϕi ) contains the set D for 1 ≤ i ≤ n, is employed to consider the
continuity condition of the operators S(t) in such a way that for τ ≥ 0 and r ∈ Rn

+ there exists Lτ,r > 0 satisfying
that

‖S(t)x − S(t)y‖ ≤ Lτ,r‖x − y‖ for x, y ∈ Dr and t ∈ [0, τ ],

where R+ = [0,∞) and Dr = {x ∈ D;ϕ(x) ≤ r} for r ∈ Rn
+. Here vectorial inequalities are used on the

understanding that the same inequalities hold between their respective components. A semigroup on D satisfying
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the above-mentioned continuity condition is called a semigroup of locally Lipschitz operators on D with respect to the
functional ϕ. The generation of semigroups of locally Lipschitz operators has been recently studied in several settings.
Among others, a characterization of nonlinearly perturbed (C0) semigroups was given in [9] and applied to the global
solvability of the mixed problem for the complex Ginzburg–Landau equation

∂u/∂t − (λ+ iµ)∆u + (κ + iν)|u|q−2u − γ u = 0 in Ω × (0,∞),

where 2 ≤ q ≤ 2 + 4/N and Ω is a general domain of RN with dimensional restriction 1 ≤ N ≤ 4. In this
connection, it should be noticed that by establishing an abstract theory involved with subdifferential operators,
Okazawa and Yokota first showed in [19] that the solution operators associated with the mixed problem for the
complex Ginzburg–Landau equation in a bounded domain form a semigroup of locally Lipschitz operators on L2(Ω)
and have a smoothing effect in the sense that the solution u(t) with initial data u0 ∈ L2(Ω) belongs to the space
H2(Ω) ∩ H1

0 (Ω) for almost all t > 0. After that, in [24] they succeeded in proving that the same result holds for a
general domain Ω of RN without dimensional restriction.

This paper is motivated by the abstract results in [19,24] concerning semigroups of locally Lipschitz operators
having smoothing effects. We are interested in studying a characterization of nonlinearly perturbed analytic (C0)

semigroups. In order to characterize nonlinearly perturbed analytic (C0) semigroups, we interpret such a problem
as a characterization problem, of semigroups of locally Lipschitz operators providing mild solutions to the Cauchy
problem for the semilinear evolution equation of parabolic type

(SP) u′(t) = (A + B)u(t) for t > 0.

By parabolic type we mean that the operator A is the infinitesimal generator of an analytic (C0) semigroup
{T (t); t ≥ 0} on X . The operator B is assumed to be locally continuous from the subset D ∩ Y of Y into X , where
Y is a Banach space which is contained in X and has a stronger norm defined through a fractional power of −A. By
using the above-mentioned functional ϕ, a local continuity condition on B will be given in a spirit similar to that a
family of restrictions of a given operator, by the use of a well-chosen functional, was formed in [23], such that each
restriction is dissipative and satisfies the so-called range condition, although the given operator is not dissipative. This
idea goes back at least as far as [3].

The semilinear problem (SP) has been studied by many authors. If B is locally Lipschitz continuous from the set
D ∩ Y into X , then the local solvability for (SP) can be shown in [1,14] by the Banach–Picard fixed point theorem. In
the setting where B is locally continuous from the set D∩Y into X , the construction of approximate solutions was done
under subtangential conditions of various types. In [13] the subtangential condition lim infh↓0 h−1d(v+h Bv, D) = 0
for v ∈ D ∩ Y was used under the assumption that D is invariant under T (t). In [2] the time-dependent case was
considered in a similar setting, and the condition limh↓0 h−1d(T (h)v + h Bv, D) = 0 for v ∈ D ∩ Y was used in [4].
Prüss proposed in [21] the following subtangential condition: There exists η > 0 such that to each v ∈ D ∩ Y and
ε > 0 there correspond h > 0 and wh ∈ D ∩ Y , and zh defined by

zh = T (h)v +
∫ h

0
T (ξ)Bvdξ − wh

satisfying ‖zh‖ ≤ εh and ‖(−A)αzh‖ ≤ εhη. This condition is necessary for the existence of local mild solutions.
The choice of this condition seems to be the best adapted to our theory.

In the above-mentioned papers, the compactness of the resolvent of the operator A, the locally Lipschitz continuity
on B, or the quasi-dissipativity of A + B was assumed to show the convergence of a sequence of the constructed
approximate solutions. The main theorem (Theorem 5.2) provides a natural and intrinsic characterization of nonlinear
perturbed analytic (C0) semigroups. We emphasize that there exists a family of metric-like functionals by means of
which the semilinear stability condition (ii-2) in Theorem 5.2 is necessary for local mild solutions depending Lipschitz
continuously on their initial data to exist and that the semilinear stability condition introduced here is used to prove
the convergence of a sequence of approximate solutions. This means that the semilinear stability condition together
with the subtangential condition in the sense of Prüss is necessary and sufficient for generating a semigroup of locally
Lipschitz operators providing mild solutions to (SP).

This paper is organized as follows. In Section 2 we impose basic assumptions on A and B appearing in (SP)
and give the uniqueness and regularity of mild solutions. The Appendix is devoted to the definition and properties



Download English Version:

https://daneshyari.com/en/article/842318

Download Persian Version:

https://daneshyari.com/article/842318

Daneshyari.com

https://daneshyari.com/en/article/842318
https://daneshyari.com/article/842318
https://daneshyari.com

