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1. Introduction

In this paper we deal with the nonlocal elliptic problem (P) of the p-Kirchhoff type given by
p—1
[M (/ (|VulP + A(x)|u|p)dx>] (—Apu+AX)[ulP?u) = f(x,u), x€ £, (1)
2

Ju
|Vu|P—2a =nuP~2, xedsn. (2)

where £2 C RN is a bounded domain, % is the outer unit normal derivative, A,u = div(|Vu[P~2Vu) is the p-Laplacian with
1<p<N.

Ax) € L®(82) satisfying essinf,. 51 (x) > 0. (3)
The function M : R* — R is a continuous nondecreasing function and there is a constant mg > 0 such that M (t) > my,
forallt > 0.
The perturbation f (x, t) is a Caratheodory function with subcritical growth with respect to t, that is, |f(x, t)|] < C(1 +
[t]9~1) holds true forallx € 2 andt € Rwith1 < g < p* = N”—fp, where p* is a critical exponent according to the Sobolev
embedding WP (2) < [P"(£2), n is a real parameter.

Problem (P) is called nonlocal because of the presence of the term M, which implies that the equation in (P) is no longer
pointwise identities. This provokes some mathematical difficulties which makes the study of such a problem particulary
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interesting. This problem has a physical motivation. Similar operator M ( f o |Vu|?dx) Au appears in the Kirchhoff equation,
which arises in nonlinear vibrations, namely

uge —M(llul)Au = f(x,w), in$2 x (0,T),
iu:O ondf2 x (0,T),
u(x, 0) = up(x), ug(x, 0) = uq(x).

p-Kirchhoff problem began to attract the attention of several researchers mainly after the work of Lions [1] where a
functional analysis approach was proposed to attack it.

The reader may consult [2-4,6-11] and the references therein, for similar problem in several cases.

Throughout this paper, by weak solutions of (P) we understand critical points of the associated energy functional ¢ acting
on the Sobolev space W1 (£2):

1= n
o) = M ( / (IVuP +A<x>|u|")dx) - / F(x, uydx — 1 / upds, @)
p 2 2 P Jin

where M(t) = f0[ [M(s)]P~'ds, F(x, t) = jot f(x, s)ds, and dS is the surface measure on the boundary. Obviously ¢(u) €
C'(W'P(£2), R) and

p—1
(' (W), v) = [M (/ (IVuI”+k(X)Iu|")dX>] /[IVuI”‘ZVqu
2 2
+)L(x)|u|p’2uv]dx—/f(x, uv — ”f [ulP~2uvds
2 082
forallu, v € W'P(£2), where
WP (2) = {u e’(2): / |VulPdx < oo}
2

is a Banach space with the norm

p
lull1p = </ [[VulP + A(x)|u|”]dx> foru e WP ().
2
Our main results are as following.

Theorem 1.1. Suppose that M : Rt — R is a continuous nondecreasing function satisfies the following conditions

(mO) there exists a constant mgy > 0 such that M(t) > mg forallt > 0O;
(m1) there exists a constant my > 0 such that M(t) < my forallt > 0 and p* > p(%)p‘l.

Caratheodory function f satisfies
(f1) For some p < q < p*, there exists a constant C > 0 such that
Fx, )] <CA+t19Y) forallxe 2,t €R;
(f2) There exist p* > o > p(;"T:))"*1 and R > 0 such that
[t| >R=0 < aF(x,t) <tf(x,t) forallx € £2;
(f3) f(x, t) is odd with respect to t, that is,
fx,—t) = —f(x,t) forallx € 2,t € R.

Then there exists a constant A > 0 such that for any n < A, the problem (P) has a sequence of solutions u, € WP(£2)
such that ¢(ux) — 00, as k — oo.

For a special f, we obtain a sequence of weak solutions with negative energy by dual fountain theorem.

Theorem 1.2. M satisfies (m0) (m1) in Theorem 1.1, let f (x, t) = u|t|" 2t + A|t|"2t, where 1 <1 < p < s < p*,. Then there
exists a constant A > 0 such that for any n < A,

(1) Forevery A > 0, u € R, problem (P) has a sequence of solutions uy, such that ¢(u;) — 0o ask — oo;
(2) Forevery u > 0, > € R, problem (P) has a sequence of solutions vy, such that ¢(vr) < 0, p(vx) — 0ask — oo.
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